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SUMMARY 
T h i s  r e p o r t  c o n t a i n s  t h e  r e s u l t s  o f  t h e  a n a l y t i c a l  d e s i g n  s t u d y  a c c o m p l i s h e d  
under  NASA C o n t r a c t  No, NAS3-14399.  T h e  m a i n  o b j e c t i v e  o f  t h i s  s t u d y  w a s  t o  
d e t e r m i n e  t h e  o p t i m u m  f l u i d - f i l m  t h r u s t  b e a r i n g  d e s i g n  i n t e n d e d  t o  b e  p a r t  
o f  t h e  h i g h - s p e e d ,  h y b r i d  b o o s t  b e a r i n g  u s e d  f o r  j e t  e n g i n e  t h r u s t  b e a r i n g  
a p p l i c a t i o n s .  
To i m p r o v e  t h e  a c c u r a c y  o f  t h e  a n a l y t i c a l  p r e d i c t i o n s ,  d e f i n i t e  i m p r o v e m e n t s  
were made t o  t h e  "s ta te  o f  t h e  art" o f  t h r u s t  b e a r i n g  a n a l y s e s ;  a c c o u n t i n g  
f o r  c u r v a t u r e  e f f e c t s ,  t e m p e r a t u r e  rise i n  t h e  f l u i d  d u e  t o  v i s c o u s  h e a t i n g ,  
a n d  s u d d e n  t r a n s i t i o n  b e t w e e n  l a m i n a r  a n d  t u r b u l e n t  f l o w s ,  t h i s  t h e o r y  ( i n -  
c o m p r e s s i b l e ,  t h i n - f i l m  f l o w  w i t h  t e m p e r a t u r e  e f f e c t s )  w a s  e x t e n d e d  t o  t h e  
spiral-grooved  (Whipple)   geometry.  
U s i n g  t h e s e  a n a l y s e s ,  a c o m p a r a t i v e  t r a d e - o f f  s t u d y  was made o f  t he  sh rouded-  
s t e p   a n d   W h i p p l e   t h r u s t   b e a r i n g s .  It t u r n e d   o u t   t h a t   t h e   s h r o u d e d - s t e p  
b e a r i n g   d e s i g n   p r o v e d   m o r e   f a v o r a b l e   i n   t h e   p r e s e n t   a p p l i c a t i o n .   D u r i n g   t h i s  
p h a s e  o f  t h e  s t u d y  i t  became  appa ren t  t ha t  t empera tu re  rise i n  a f l u i d - f i l m  
d u e  t o  f r i c t i o n a l  d i s s i p a t i o n  i s  p r e d o m i n a n t  i n  b e a r i n g s  w i t h  a low ope ra t -  
i n g   t e m p e r a t u r e ,  small f i l m   t h i c k n e s s ,   a n d   h i g h   s l i d i n g   s p e e d .  The p r i n c i p a l  
e f f e c t s  are t o  i n c r e a s e  f l o w ,  r e d u c e  f r i c t i o n  power l o s s ,  and   r educe   l oad  
c a p a c i t y .  
An e x t e n s i v e  p a r a m e t r i c  s t u d y  o f  t h e  s h r o u d e d - s t e p  c o n f i g u r a t i o n ,  u s i n g  i s o -  
v i s c o u s   c a l c u l a t i o n s ,  w a s  made.  The p e r f o r m a n c e   c h a r a c t e r i s t i c s  of t h i s  
b e a r i n g  are p r e s e n t e d .   S u b s e q u e n t   r e c a l c u l a t i o n s ,   a l l o w i n g   f o r   t e m p e r a t u r e  
e f f e c t s ,  were made on t h i s  d e s i g n  a n d  are i n c l u d e d  h e r e i n .  
A comparison w a s  a l s o  made b e t w e e n  t h e  p r e s e n t  a n a l y s e s  a n d  a c t u a l  tes t  d a t a .  
T h i s  c o m p a r i s o n  i n d i c a t e s  e x c e l l e n t  a g r e e m e n t  o n  l o a d - c a r r y i n g  c a p a c i t y  a t  
low v i s c o s i t y   ( h i g h   t e m p e r a t u r e )   o v e r  a wide   speed   r ange .   Us ing   h igh   v i s -  
c o s i t i e s  ( l o w  t e m p e r a t u r e  o p e r a t i o n )  t h e  a g r e e m e n t  i s  good f o r  s p e e d s  up t o  
10,000 rpm. A t  h i g h   s p e e d s   a n d   h i g h   v i s c o s i t y   c o n d i t i o n s ,  test  d a t a  i n d i -  
cates c o n s i d e r a b l y  l o w e r  l o a d - c a r r y i n g  c a p a c i t y  t h a n  t h a t  p r e d i c t e d  by t h e  
a n a l y s i s .  
1 
INTRODUCTION 
Using a f l u i d - f i l m  b e a r i n g  a n d  a r o l l i n g - e l e m e n t  b e a r i n g  i n  p a r a l l e l  i n  a 
h y b r i d  c o n f i g u r a t i o n  p r o v i d e s  t h e  b e n e f i t  o f  l o n g - l i f e  a t  h igh-speed  opera-  
t i o n  ( t a k e n  f o r  g r a n t e d  w i t h  f l u i d - f i l m  b e a r i n g s )  t o g e t h e r  w i t h  l o w - f r i c t i o n  
s t a r t i n g   u n d e r   l o a d   ( c h a r a c t e r i s t i c   t o   r o l l i n g   e l e m e n t s ) .   R o l l i n g - e l e m e n t  
t h r u s t  b e a r i n g s  are  i n  common u s e  i n  many p r o p u l s i o n  a n d  a u x i l l i a r y  d e v i c e s ,  
A d v a n c e  c o n c e p t s  c o n t i n u e  t o  p r e s s  f o r  h i g h e r  s p e c i f i c  i m p u l s e  a n d / o r  power 
d e n s i t y ,  s u c h  t h a t  i n  t h e  c o n t e x t  o f  b e a r i n g  r e q u i r e m e n t s ,  t h e  c o m b i n a t i o n  
o f  DN a n d  t h r u s t  l o a d  i s  a l t o g e t h e r  b e y o n d  a v a i l a b l e  e x p e r i e n c e  a n d  r e a s o n -  
a b l e  t e c h n o l o g i c a l  p r o j e c t i o n  t o  a s s u r e  r e l i a b l e ,  l o n g - l i f e  o p e r a t i o n s .  
W i t h  t h i s h y b r i d  c o n c e p t ,  a f l u i d - f i l m  s h a r e s  t h e  t o t a l  t h r u s t  l o a d  more 
w i t h   s p e e d   i n c r e a s e .   I n   t h i s   m a n n e r ,   t h e   r o l l i n g - e l e m e n t s  are r e q u i r e d   t o  
o p e r a t e  e i t h e r  u n d e r  h i g h  l o a d  a t  low DN,  o r  a t  h i g h  DN i n  a n  e s s e n t i a l l y  
l i g h t l y   l o a d e d   c o n d i t i o n .  Thus t h e   d a n g e r  o f  f a t i g u e - f a i l u r e  is sub- 
s t a n t i a l l y   r e d u c e d .   C l e a r l y ,   t h e   b e n e f i t s   o f   t h e   h y b r i d   c o n c e p t   c a n   b e  
r e a l i z e d  a t  t h e  e x p e n s e  o f  h i g h e r  o i l  f l o w  a n d  p o w e r  loss o f  t h e  f l u i d - f i l m  
componen t .   Consequen t ly ,   one   des i r e s   t o   s eek   t he   op t imum  des ign   fo r   each  
a p p l i c a t i o n .  
I n  t h e  p r e c e d i n g  p h a s e  o f  t h e  p r e s e n t  p r o g r a m ,  [ 1 ] > \  [ 2 ] ,  a n  e x p e r i m e n t a l  
h y b r i d  b e a r i n g  was d e s i g n e d ,  b u i l t ,  a n d  t e s t e d .  The v a l i d i t y  o f  t h e  h y b r i d  
approach w a s  v e r i f i e d .  However ,   the   requirements   of   f low  and  power were 
a p p r e c i a b l e ,  a n d  t h e  m e a s u r e d  d a t a  s h o w e d  t h a t  t h e  f l u i d - f i l m  l o a d  a t  low 
o i l  t e m p e r a t u r e s  was c o n s i d e r a b l y  l o w e r  t h a n  t h a t  p r e d i c t e d  b y  a n a l y s i s ,  
S i n c e  t h e  same a n a l y t i c a l  p r o c e d u r e  was u s e d  t o  " o p t i m i z e "  t h e  d e s i g n ,  i t  
was f e l t  d e s i r a b l e  t o  f i r s t  r e f i n e  t h e  a n a l y t i c a l  p r o c e d u r e  a n d  t h e n  t o  re- 
v i se  t h e  d e s i g n  w i t h  t h e  o b j e c t i v e  o f  r e d u c i n g  f l o w  a n d  p o w e r  t o  a more 
r e a s o n a b l e  level.  
It  was r e c o g n i z e d  t h a t  t h e  s h o r t c o m i n g s  o f  t h e  o r i g i n a l  a n a l y t i c a l  a p p r o a c h  
c o n s i s t  o f  1) quas i -one -d imens iona l  approx ima t ions  in  so lv ing  the  Reyno lds  
e q u a t i o n ;  2 )  i n a b i l i t y  t o  a c c o u n t  f o r  t h e  s u d d e n  t r a n s i t i o n  b e t w e e n  l a m i n a r  
a n d  t u r b u l e n t  f l o w s ;  a n d  3)  t he   a s sumpt ion   o f  a c o n s t a n t  l u b r i c a n t  v i s c o s i t y  
[ 3 ] .  The q u e s t i o n   o f   s u d d e n   l a m i n a r - t o - t u r b u l e n t   t r a n s i t o n  was r e c e n t l y  
c o n s i d e r e d  [ 4 ] .  
By i t s e l f ,  i t s  effects  were n o t  l a r g e  e n o u g h  t o  a c c o u n t  f o r  t h e  o b s e r v e d  
d i s c r e p a n c i e s .   F o r   t h e   d e s i r e d   c o m p u t a t i o n ,   a n   e x i s t i n g   a n a l y t i c a l   p r o c e d u r e  
f o r  c a l c u l a t i n g  t i l t i n g - s h o e  t h r u s t  b e a r i n g s  w i t h  p a d  d i s t o r t i o n s  [ 5 ]  i s  a 
l o g i c a l  s t a r t i n g  p o i n t ,  t o  w h i c h  a d d i t i o n a l  r e f i n e m e n t s  are  t o  b e  a d d e d ;  
* Bracketed  numbers  refer t o  i d e n t i c a l l y  n u m b e r e d  r e f e r e n c e s  a t  e n d  o f  r e p o r t .  
2 
i n  t h i s  manner c o n s i d e r a b l e  e s t a b l i s h e d  a l g o r i t h m s  c a n  b e  u s e d  t o  a d -  
van tage .  The  main  improvement  sought i s  t h e   s i m u l t a n e o u s   c o n s i d e r a t i o n  
o f  c o n d u c t i o n  a n d  c o n v e c t i o n  h e a t  t r a n s f e r  e f f e c t s  i n  t h e  l u b r i c a n t  f i l m .  
The c o n f i g u r a t i o n  o f  t h e  f l u i d - f i l m  b e a r i n g  t h u s  f a r  c o n s i d e r e d  i s  t h e  
shrouded-s tep .  An a l t e r n a t e   c o n f i g u r a t i o n  i s  t h e  n i p p l e ,  o r  s p i r a l -  
g r o o v e d   t h r u s t   b e a r i n g .   T h e  l a t t e r  h a s   b e e n   p o p u l a r l y   a c c e p t e d   i n  a 
l a r g e   v a r i e t y   o f   g a s   l u b r i c a t e d   s y s t e m s ,   F o r   t h e   p r e s e n t   w o r k ,   t h e s e  
two conf igura t ions ,  augmented  by  external p r e s s u r i z a t i o n ,  w i l l  b e  
s e p a r a t e l y  o p t i m i z e d .  T h e n t h e  o p t i m i z e d  d e s i g n s  w i l l  be  compared  and  the 
t e m p e r a t u r e  e f f e c t s  o n  t h e  b e t t e r  d e s i g n  w i l l  be  de t e rmined .  
3 
DESCRIPTION OF ANALYTICAL " APPROACH - 
To f o r m  t h e  b a s i s  o f  t h e  d e s i r e d  d e s i g n  c a l c u l a t i o n s ,  t h e  p r o b l e m  o f  v i s c o u s  
h e a t i n g  i n  t h e  l u b r i c a n t  f i l m  a n d  t h e  a t t e n d a n t  h e a t  t r a n s f e r  p r o c e s s e s  w a s  
a n a l y z e d .   T h e   c o r r e s p o n d i n g   m a t h e m a t i c a l   d e r i v a t i o n s  are g i v e n   i n   A p p e n d i x  A. 
The t empera tu re  p rob lem of t h e  f l u i d  f i l m  of a s p i r a l - g r o o v e d  b e a r i n g  is com- 
p l i c a t e d  b y  t h e  g r o o v e - r i d g e  g a p  f l u c t u a t i o n s  w h i c h  affect  b o t h  h e a t  d i s s i -  
p a t i o n  a n d  h e a t  c o n d u c t i o n ,  a n d  b y  t h e  c i r c u l a t i o n  p a t t e r n  r e l a t e d  t o  t h e  
inc l ined   grooving   geometry   which   governs   hea t   convec t ion .  A "narrow  groove" 
theory ,  which  is  c o n s i s t e n t  w i t h  W h i p p l e ' s  s o l u t i o n  o f  t h e  p r e s s u r e  p r o b l e m ,  
w a s  d e r i v e d  t o  p r o v i d e  t h e  f r a m e w o r k  o f  a p r a c t i c a b l e  c o m p u t a t i o n  p r o c e d u r e ;  
t h i s  is  d e s c r i b e d   i n   A p p e n d i x  B.  H i g h l i g h t s   o f   t h e s e   a n a l y s e s   a n d   t h e  
manner i n  w h i c h  t h e y  h a v e  b e e n  i n c o r p o r a t e d  i n  t h e  c o m p u t a t i o n a l  p r o c e d u r e  
w i l l  b e  o u t l i n e d  i n  t h e  f o l l o w i n g  p a r a g r a p h s .  
A n a l y s i s  o f  t h e  t h r u s t  b e a r i n g  f l u i d  f i l m ,  w i t h  a l l o w a n c e  f o r  v i s c o u s  h e a t i n g  
a n d  t h e  s u b s e q u e n t  v i s c o s i t y  c h a n g e ,  h a s  b e e n  p e r f o r m e d  p r e v i o u s l y  f o r  t h e  
t i l t i n g   s h o e   c o n f i g u r a t i o n   a s s u m i n g   l a m i n a r   f l o w  [5] .  The i t e r a t ive  a l g o r i t h m  
e m p l o y e d  b y  t h e  p r e v i o u s  a n a l y s i s  t o  r e c o n c i l e  p r e s s u r e - f l o w  a n d  t e m p e r a t u r e  
i s  a n  e s s e n t i a l  " p r i o r  art". Added f e a t u r e s   r e q u i r e d   b y   t h e   p r e s e n t   w o r k  
i n c l u d e :  
1. C a p a b i l i t y   t o  t rea t  p o c k e t s   a n d   p r e s s u r i z e d   f e e d i n g ;  
2. A l l o w a n c e   f o r   t u r b u l e n c e   a n d   t r a n s i t i o n a l   f l o w  phenomena; 
3. C o n s i d e r a t i o n   o f   b o t h   c o n v e c t i v e   a n d   c o n d u c t i v e   h e a t  
t r a n s f e r  modes; 
4 .  A d a p t a t i o n   o f   t h e s e   f e a t u r e s   f o r   t h e   s p i r a l - g r o o v e d   t h r u s t  
b e a r i n g s .  
The f i r s t  two items i n v o l v e  c o d i n g  o f  e s t a b l i s h e d  a n a l y t i c a l  p r o c e d u r e ;  t h e  
l a t t e r  two are new a n a l y s e s  t o  b e  c a r r i e d  o u t .  
I n  t h e  t h i n - f i l m  h e a t  t r a n s f e r  a n a l y s i s ,  t h e  s e l e c t e d  s t r a t e g y  i n v o l v e s  
r e d u c i n g  t h e  t h r e e - d i m e n s i o n a l  e n e r g y  e q u a t i o n  t o  a two-dimensional  problem 
b y  i n t e g r a t i n g  a c r o s s  t h e  f i l m  t h i c k n e s s  a n d  a p p r o x i m a t i n g  b y  t h e i r  c o r r e -  
spond ing  mean v a l u e s  t h e  c o n v e c t i v e  f l u x e s  a n d  v i s c o s i t y  ( w h i c h  a l s o  d e t e r m i n e s  
e d d y   d i f f u s i v i t y   i n   t h e   t u r b u l e n t   c a s e ) ,  A c r u c i a l  a s p e c t  i n  t h i s  scheme 
c o n c e r n s  t h e  a p p a r e n t  t e m p e r a t u r e  f o r  t h e  v a l u e s  o f  v i s c o s i t y  a p p e a r i n g  i n  
t h e   d i s s i p a t i o n   a n d   t h e   c o n d u c t i o n   t e r m s ,   T h e  same q u e s t i o n   a l s o  arises 
i n  t h e  R e y n o l d s  e q u a t i o n .  
Thus t h e  k e y  i s s u e  i s  f i rs t  to  cons t ruc t  Reyno lds  number  sensi t ive f u n c t i o n s  
which  govern: 
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1. V e l o c i t y   p r o f i l e s ,  
2. N u s s e l t   n u m b e r   ( h e a t   r a n s f e r   c o e f f i c i e n t ) ,   a n d  
3. D i s s i p a t i o n   d e n s i t y ;  
a n d  t h e n  t o  p r o v i d e  c r i t e r i a  t o  d e t e r m i n e  t h e  t e m p e r a t u r e  v a l u e  a t  w h i c h  t h e  
mean v i s c o s i t y  a p p e a r i n g  w i t h  v a r i o u s  f u n c t i o n s  is t o  b e  c a l c u l a t e d .  A 
"Model Couet te  Flow" i s  a n a l y z e d  " e x a c t l y "  w i t h  the d i s s i p a t i o n  r e d u c e d  b y  
a n u m e r i c a l   f a c t o r   f o r   s i m u l a t i n g   c o n v e c t i v e   c o o l i n g ,   W h i l e   t h e r e  are t h r e e  
s u c h  terms i n  t h e  s y s t e m  o f  g o v e r n i n g  e q u a t i o n s  ( n a m e l y ,  t h e  c o e f f i c i e n t  o f  
f r i c t i o n ,  t h e  N u s s e l t  n u m b e r ,  a n d  t h e  d i s s i p a t i o n  f u n c t i o n )  m a t h e m a t i c a l  
s i m i l a r i t y  c a u s e s  t h e  e f f e c t i v e  t e m p e r a t u r e s  f o r  mean v i s c o s i t y  o f  t h e  co- 
e f f i c i e n t  o f  f r i c t i o n  a n d  t h e  d i s s i p a t i o n  f u n c t i o n  t o  b e  e q u a l .  The  two 
i n d e p e n d e n t  e f f e c t i v e  t e m p e r a t u r e s *  are pa rame t r i ca l ly  dependen t  on  the  
wall  t empera tu re ,  t he  Reyno lds  number ,  t he  P rand t l  number ,  and  a " h e a t i n g  
parameter". Given a p a r t i c u l a r  o i l  a n d  a n  o p e r a t i n g  wa l l  t e m p e r a t u r e ,  t h e r e  
are st i l l  two p a r a m e t e r s .  It  t u r n e d   o u t ,   t h a t   i f   t h e   e f f e c t i v e   t e m p e r a t u r e  
i s  e x p r e s s e d  i n  terns o f  a n  i n t e r p o l a t i o n  c o e f f i c i e n t  b e t w e e n  t h e  w a l l  and 
mean f i l m  t e m p e r a t u r e s ,  t h e  n u m e r i c a l  v a l u e s  o f  t h e s e  i n t e r p o l a t i o n  c o e f  f i -  
c i e n t s  are p r i m a r i l y  s i n g l e  p a r a m e t e r  f u n c t i o n s  d e p e n d e n t  on the  Reynolds  
number, i n  w h i c h  t h e  v i s c o s i t y  i s  based  on t h e  f r i c t i o n - t e m p e r a t u r e .  
E m p i r i c a l  f o r m u l a e  f o r  t h e s e  i n t e r p o l a t i o n  c o e f f i c i e n t s  were e s t a b l i s h e d  
f o r  MIL-L-7808 o i l  a t  w a l l  t e m p e r a t u r e s  o f  200 F ( 9 3 . 4  C) and 300 F (149 C). 
With a s i m p l i f i e d  a l l o w a n c e  f o r  t h e  c o n t r i b u t i o n  o f  p r e s s u r e  g r a d i e n t s  t o  
d i s s i p a t i o n  a t  t h e  walls, t h e  f r i c t i o n - t e m p e r a t u r e  a n d  c o n d u c t i o n - t e m p e r a t u r e  
c a l c u l a t e d   f r o m   t h e  "Model Couette  Flow", are u s e d   d i r e c t l y .   U n i v e r s a l  
f u n c t i o n s  f o r  h e a t  t r a n s f e r  a n d  d i s s i p a t i o n  are a l s o  a s s u m e d  t o  b e  t h e  same 
as t h o s e  o f  t h e  "Model Couet te   Flow".  
In t h e  t r e a t m e n t  o f  t r a n s i t i o n  f r o m  l a m i n a r  t o  t u r b u l e n t  f l o w s ,  a t r a n s i -  
t iona l  Reynolds  number  and  a fu l ly - tu rbu len t  Reyno lds  number  are p o s t u l a t e d .  
P r e v a i l i n g   e x p e r i m e n t a l   e v i d e n c e  [ 4 ]  i n d i c a t e d  t h a t  t h e  l a t te r  i s  twice t h e  
v a l u e  o f  t h e  f o r m e r .  
G e n e r a l i z a t i o n  o f  t h e  l i n e a r i z e d  t u r b u l e n t  l u b r i c a t i o n  t h e o r y  [ 6 ]  (LTLT) t o  
i n c l u d e  t r a n s i t i o n a l  e f f e c t s  i s  a c c o m p l i s h e d  b y  d e f i n i n g  t h e  d i s t i n c t i o n  
b e t w e e n  t h e  a c t u a l  a n d  a p p a r e n t  s l i d i n g  v e l o c i t i e s ,  t h e  l a t te r  be ing  used  
t o  c a l c u l a t e  t h e  a p p a r e n t  R e y n o l d s  number i n  LTLT. For   an   ac tua l   Reyno lds  
number less t h a n  t h e  t r a n s i t i o n a l  R e y n o l d s  n u m b e r ,  t h e  a p p a r e n t  s l i d i n g  
v e l o c i t y  i s  set t o  z e r o ,  w h i l e  f o r  a n  a c t u a l  R e y n o l d s  n u m b e r  i n  e x c e s s  o f  t h e  
f u l l y - t u r b u l e n t  R e y n o l d s  n u m b e r ,  t h e  a p p a r e n t  s l i d i n g  v e l o c i t y  is  e q u a t e d  
t o  t h e  a c t u a l  s l i d i n g  v e l o c i t y .  In t h e  t r a n s i t i o n a l  r a n g e ,  a n  e l l i p t i c a l  
i n t e r p o l a t i o n  s c h e m e  is u s e d  t o  r e n d e r  a n  a b r u p t  d e p a r t u r e  f r o m  t h e  l a m i n a r  
c o n d i t i o n   a n d  a s m o o t h   b l e n d i n g   i n t o   t h e   f u l l y   t u r b u l e n t   c o n d i t i o n .  The 
* F o r  c o n v e n i e n c e  o f  r e f e r e n c e ,  t h e s e  two e f f e c t i v e  t e m p e r a t u r e s  w i l l  b e  g i v e n  
t h e  a b b r e v i a t e d  n a m e s  o f  f r i c t i o n - t e m p e r a t u r e  a n d  c o n d u c t i o n - t e m p e r a t u r e ,  
r e s p e c t i v e l y ,  
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a p p a r e n t  s l i d i n g  v e l o c i t y  i s  u s e d  t o  c a l c u l a t e  t h e  R e y n o l d s  number,  which  de- 
t e r m i n e s  t h e  i n t e r p o l a t i o n  c o e f f i c i e n t s  f o r  t h e  f r i c t i o n - t e m p e r a t u r e  a n d  c o n -  
d u c t i o n - t e m p e r a t u r e  a s  well a s  t h o s e  g o v e r n i n g  t h e  u n i v e r s a l  f u n c t i o n s  f o r  
h e a t   t r a n s f e r   a n d   d i s s i p a t i o n .   T h u s ,   i n   t h e   l a m i n a r   r a n g e ,   t h e   a p p a r e n t  
R e y n o l d s  n u m b e r s  f o r  f r i c t i o n  a n d  d i s s i p a t i o n  o n  o n e  s i d e ,  a n d  t h a t  f o r  h e a t  
t r a n s f e r  on t h e  o t h e r  s i d e ,  r e d u c e  t o  z e r o  r e g a r d l e s s  o f  t h e  f a c t  t h a t  t h e y  
a r e  b a s e d  o n  d i f f e r e n t  v i s c o s i t i e s ;  a n d  t h e  t e m p e r a t u r e  i n t e r p o l a t i o n  c o -  
e f f i c i e n t s  a s s u m e  t h e  same a s y m p t o t i c   v a l u e   o f   u n i t y .   W i t h   f l u i d   f i l m   h e a t -  
i n g ,  t h e  q u e s t i o n  a r i s e s  a s  t o  w h a t  t e m p e r a t u r e  s h o u l d  b e  u s e d  t o  c a l c u l a t e  
t h e   t r a n s i t i o n a l   a n d   f u l l y   t u r b u l e n t   R e y n o l d s   n u m b e r s .   T h e r e   a r e   n o t   e n o u g h  
e x p e r i m e n t a l  d a t a  t o  d e a l  w i t h  t h e  t r a n s i t i o n  p r o b l e m  w i t h  t e m p e r a t u r e  s e n s i -  
t i v e  v i s c o u s  f l u i d s  ( a e r o d y n a m i c i s t s  h a v e  d e a l t  w i t h  t e m p e r a t u r e  i n f l u e n c e  
o n  d e n s i t y  r a t h e r  t h a n  v i s c o s i t y )  t h e r e f o r e ,  t h e  t e n t a t i v e  p l a n  is  t o  u s e  t h e  
f r i c t i o n - t e m p e r a t u r e  f o r  t h e  c a l c u l a t i o n  o f  b o t h  t h e  t r a n s i t i o n a l  a n d  t h e  
fu l ly - tu rbu len t  Reyno lds  numbers .  
The LTLT i s  now e x t e n d e d  t o  t r e a t  f l u i d - f i l m  h e a t i n g  i n c l u d i n g  t r a n s i t i o n a l  
e f f e c t s .  Two a d d i t i o n a l  u n i v e r s a l  f u n c t i o n s  a r e  i n t r o d u c e d  i n  a d d i t i o n  t o  t h e  
t h r e e   a l r e a d y   n e e d e d   i n   t h e   i s o v i s c o u s   p r o b l e m .  The l a t t e r  b e i n g  r e l a t e d  t o  
t h e  c o m p u t a t i o n  o f  w a l l  f r i c t i o n ,  mean f l o w  a l o n g  s l i d i n g ,  a n d  mean f l o w  i n  
t h e  d i r e c t i o n  n o r m a l  t o  s l i d i n g .  The Reynolds  numbers t o  b e  u s e d  f o r  t h e s e  
u n i v e r s a l  f u n c t i o n s  a r e  b a s e d  o n  t h e  a p p a r e n t  s l i d i n g  v e l o c i t y  a n d  mean v i s -  
c o s i t i e s ,  w h i c h  a r e  r e s p e c t i v e l y  d e t e r m i n e d  b y  t h e  a n a l y s i s  o f  f r i c t i o n  a n d  
conduc t ion   p rob lems   o f   t he  "Model C o u e t t e  Flow".  The b lock   d iagram  on   the  
f o l l o w i n g  p a g e  i l l u s t r a t e s  t h e  s c h e m e  i n v o l v e d .  
To a p p l y  t h e  a b o v e  m e t h o d  t o  c a l c u l a t e  p r e s s u r e  a n d  t e m p e r a t u r e  f i e l d s  o f  t h e  
s p i r a l - g r o o v e d  t h r u s t  b e a r i n g  s i m u l t a n e o u s l y ,  i t  i s  d e s i r a b l e  t o  c a l c u l a t e  t h e  
g r o s s  f e a t u r e s  a c c u r a t e l y ,  w h i l e  i g n o r i n g  l o c a l  d e t a i l s  a s  much a s  p o s s i b l e .  
T h i s  p o i n t  o f  v i e w  w a s  i n h e r e n t  i n  t h e  " c l a s s i c a l "  t h e o r y  o f  W h i p p l e ,  a  prom- 
i n e n t  f e a t u r e  o f  w h i c h  i s  t h e  d e p i c t i o n  o f  c r o s s - g r o o v e  p r e s s u r e  p r o f i l e s  b y  
l i n e a r   v a r i a t i o n s .   F o r   t h e   p r e s e n t   p r o b l e m ,   b e c a u s e   o f   v i s c o s i t y   v a r i a t i o n s ,  
t h e  c r o s s - g r o o v e  p r e s s u r e  p r o f i l e  i s  n o  l o n g e r  l i n e a r ,  i n s t e a d  i t  must s a t i s f y  
a n a r r o w - g r o o v e   o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n .   O t h e r   e l e m e n t s   i n   t h e   W h i p p l e  
t h e o r y   ( n a m e l y ,   c o n g r u e n c y   o f   p r e s s u r e   f i e l d ,   i n v a r i a n c e   o f   n o r m a l   f l u x ,   a n d  
c o n t i n u i t y  o f  r a d i a l  f l u x )  a r e  r e t a i n e d .  The e n e r g y   e q u a t i o n   r e q u i r e s  a d i f -  
f e r e n t   t r e a t m e n t   b e c a u s e  of t h e   c o n v e c t i v e   e f f e c t .   I n   f a c t ,   t h e   i n t e g r a t i o n  
must  proceed  along a f l u x   l i n e   w i t h  a s u i t a b l e   i n l e t   c o n d i t i o n .   S i m p l i f i c a -  
t i o n  a t t r i b u t a b l e  t o  t h e  n a r r o w  g r o o v e  g e o m e t r y  e n t e r s  t h r o u g h  t h e  c o n d i t i o n  
t h a t   t h e   n o r m a l   f l u x  i s  i n v a r i a n t .  I f  t h e  o v e r a l l  r a d i a l  f l u x  of a groove-  
r i d g e  p a i r  i s  n o t  z e r o ,  t h e  c o n v e c t i v e  p a t h  w o u l d  u n d e r g o  a r a d i a l  s h i f t  
a c r o s s   e a c h   g r o o v e - r i d g e   p a i r .   T h i s   d i s t a n c e ,   t o g e t h e r   w i t h   t h e   t e m p e r a t u r e  
i n c r e m e n t  a l o n g  t h e  f l u x  p a t h  o v e r  a g r o o v e - r i d g e  p a i r ,  d e t e r m i n e s  t h e  c o a r s e  
s c a l e   t e m p e r a t u r e   g r a d i e n t .   T h u s  i t  i s  n o t   n e c e s s a r y   t o   i n t e g r a t e   t h e   e n e r g y  
e q u a t i o n   a l o n g   t h e  same f l u x   p a t h  beyond   one   g roove - r idge   pa i r .   I f   t he   ove r -  
a l l  r a d i a l  f l o w  v a n i s h e s ,  t h e n  t h e  f l u x - p a t h  r e t u r n s  t o  t h e  same r a d i u s  f o r  
e a c h  g r o o v e - r i d g e  p a i r  a n d  t h e  c o n g r u e n c y  c o n d i t i o n  o f  t e m p e r a t u r e  o v e r r i d e s ;  
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o f  g r o s s  c o n v e c t i v e  f l u x ,  t h e  t e m p e r a t u r e  f i e l d  d o e s  n o t  c o m m u n i c a t e  w i t h  
t h e   o u t s i d e .   D e p e n d e n c e   o f   p r e s s u r e   p r o f i l e   o n   t h e   t e m p e r a t u r e   f i e l d   a n d  
the  need  t o  i n t e g r a t e  t h e  e n e r g y  e q u a t i o n  a l o n g  t h e  c o n v e c t i v e  p a t h  c o n s t i -  
t u t e   t h e   c o u p l i n g   b e t w e e n   t h e   R e y n o l d s   a n d   e n e r g y   e q u a t i o n s .  Except f o r  
d e t a i l s  i n  h a n d l i n g  t h e  e n e r g y  e q u a t i o n  a n d  t h e  c o a r s e  s c a l e e x t r a p o l a t i o n  
o f  b o t h  p r e s s u r e  a n d  t e m p e r a t u r e  f i e l d s ,  t h e  s c h e m e  i l l u s t r a t e d  b y  t h e  pre-  
v i o u s  b l o c k  d i a g r a m  r e m a i n s  a p p l i c a b l e .  
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DISCUSSION OF RESULTS 
Before  a t t empt ing  to  seek  the  optimum des ign ,  an  a s ses smen t  o f  t he  s ign i f i -  
c a n c e   o f   t e m p e r a t u r e   s e n s i t i v i t y  i s  made. This  knowledge i s  p r a c t i c a l l y  
ve ry  use fu l ,  s ince  s imul t aneous  ca l cu la t ion  o f  Reyno lds  and  ene rgy  i s  very  
t i m e  consuming  and - hopefu l ly  - w i l l  not be needed a l l   t h e  time during pre-  
l imina ry   t r adeof f   s tud ie s .  A shrouded-s tep   des ign  - s i m i l a r  t o  t h a t  a n a l y z e d  
previous ly  [l] - i s  t h e  b a s i s  f o r  t h i s  e v a l u a t i o n .  P r i n c i p a l  d i m e n s i o n s  o f  
t h i s  b e a r i n g  a r e  shown a t  t h e  t o p  o f  T a b l e  I. The combination of a smal l  
f i l m  t h i c k n e s s  (2  mils)  and low wal l  t empera ture  i s  c h o s e n  t o  r e p r e s e n t  r e a l -  
i s t i c  c o n d i t i o n s  a t  w h i c h  t e m p e r a t u r e  s e n s i t i v i t y  s h o u l d  b e  q u i t e  s e v e r e .  A 
s m a l l  f i l m  t h i c k n e s s  restricts the  f low,  the re fo re  r ende r ing  convec t ive  coo l -  
i n g  i n e f f e c t i v e .  A low wa l l  t empera tu re  keeps  v i scos i ty  and  a l so  i t s  tem- 
p e r a t u r e  s e n s i t i v i t y  h i g h .  The l u b r i c a n t  i s  assumed t o  b e  MIL-L-7808 o i l  i n  
t h i s  and a l l  s u b s e q u e n t  c a l c u l a t i o n s ,  i n  w h i c h  t e m p e r a t u r e  s e n s i t i v i t y  i s  
considered,   except   where  otherwise  specif ied.  The v i scos i ty - t empera tu re   r e -  
l a t i o n  i s  shown i n  Appendix A. c a l c u l a t e d  l o a d ,  f l o w  a n d  f r i c t i o n  power a r e  
compared i n  T a b l e  I a c c o r d i n g  t o  t h e  method  employed i n  p r e v i o u s  work [l, 2, 
31 and  by t h e  new method wi th  and  wi thou t  t empera tu re  sens i t i v i ty .  In  the  
i s o v i s c o u s  c a l c u l a t i o n ,  v i s c o s i t y  i s  t h a t  a t  t h e  w a l l  t e m p e r a t u r e  (100 F 
(37.8 C )  i n  t h i s  c a s e ) .  
V i scos i ty  r educ t ion  - due t o  h e a t i n g  a t  100 F (37.8 C) o i l  i n l e t  t e m p e r a t u r e  - 
c a u s e s  f l o w  t o  i n c r e a s e  s u b s t a n t i a l l y ,  a s  much a s  43% a t  20,000 rpm. There 
i s  a l s o  a s l i g h t  r e d u c t i o n  i n  l o a d  a n d  a somewhat l a r g e r  r e d u c t i o n  i n  power. 
The q u a l i t a t i v e  e f f e c t s  o f  s p e e d  a r e  f a i r l y  t r u t h f u l l y  d e p i c t e d  by t h e  i s o -  
v i scous  ca l cu la t ions .  The r e s u l t s  f o r  a wal l   t empera ture   o f  300 F (149 C) 
a t  20,000 rpm ind ica t e  s imi l a r  behav io r  fo r  l oad  and  power;  however, v i s c o s i t y  
r educ t ion  i s  not  apparent  here  and the f low does not  show t h e  l a r g e  d i s p a r i t y  
e x h i b i t e d  i n  t h e  100 F (37.8 C) case.  
Further  assessment  of  these methods of c a l c u l a t i o n  c a n  be made by comparing 
t h e i r   r e s u l t s   w i t h   t h e   e x p e r i m e n t a l   d a t a   f r o m  [2].  The shrouded-step  bear ing 
des ign  used  in  [2] was s m a l l e r  i n  s i z e  (OD = 5 i n . ,  ID = 3.65 in.)  and a 
MIL-L-23699 l u b r i c a t i n g  o i l  was employed.  Complete d e s c r i p t i o n  o f  t h e  b e a r -  
ing  and o i l  a r e  g i v e n  i n  [2]. Load-speed r e l a t i o n s  were c a l c u l a t e d  w i t h  t h e  
measured f i l m  t h i c k n e s s  a t  e a c h  s p e e d  f o r  two o i l  i n l e t  t e m p e r a t u r e s  (assum- 
ing  a c o n s t a n t  v i s c o s i t y  f o r  e a c h  c a s e )  a n d  a r e  compared wi th  exper imenta l  
d a t a  g r a p h i c a l l y  i n  F i g .  1. The good  agreement  of  the  present  theory  with 
t h e  e x p e r i m e n t a l  d a t a  f o r  t h e  h i g h  t e m p e r a t u r e  r u n ,  p a r t i c u l a r l y  i n  v i e w  
of t h e  c o n s i d e r a b l e  d i s p a r i t y  o f  t h e  c o r r e s p o n d i n g  c u r v e  c a l c u l a t e d  by t h e  
previous  method, i s  c e r t a i n l y  g r a t i f y i n g .  The compar ison   for   the  low tempera- 
t u r e  r u n  i s  less convincing.   Although  the new c a l c u l a t i o n  i s  always i n  
be t t e r  ag reemen t  wi th  the  expe r imen ta l  da t a ,  t he  deg ree  o f  d ive rgence  a t  
speeds  above  10,000 rpm i s  very   l a rge   indeed .  It i s  somewhat s u r p r i s i n g  t o  
n o t e  t h a t  t h e  d i s p a r i t y  b e t w e e n  t h e  r e s u l t s  o b t a i n e d  by t h e  method  of  Ref. 3 
and  those  ca l cu la t ed  wi th  the  new method assuming a n  i s o v i s c o u s  l u b r i c a n t  - 
i s  much l a r g e r  t h a n  t h a t  a c c o u n t a b l e  by  t empera tu re  e f f ec t s .  One must  sur- 
mise t h a t  t h e  p r a c t i c a l l y  i m p o r t a n t 4 v a n c e  o f  t h e  new method is  predominantly 
w i t h  r e s p e c t  t o  t h e  n o n t h e r m l  f e a t u r e s ;  namely, v a r i a t i o n  o f  t h e  s l i d i n g  
s p e e d  w i t h  r a d i u s ,  u n s y m m e t r i c a l  d i s t r i b u t i o n  o f  r a d i a l  l e a k a g e  f l o w s ,  a n d  
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t r a n s i t i o n a l  t u r b u l e n c e .  
Add i t iona l   compar i sons  a r e  g i v e n  i n  T a b l e  11. The c a l c u l a t e d  f l o w s  a r e  
g e n e r a l l y   l a r g e r   t h a n   t h o s e   m e a s u r e d .  However, t h e  amount   o f   d i screpancy  
i s  m o s t l y  w i t h i n  t h e  e f f e c t s  a c c o u n t a b l e  b y  u n c e r t a i n t i e s  i n  t h e  f i l m  t h i c k -  
n e s s   m e a s u r e m e n t   ( a t   l e a s t   f o r   t h e   h i g h   t e m p e r a t u r e   r u n ) .   T h e   c o m p a r i s o n  
on  power l o s s  i s  m o r e   e r r a t i c .   F o r   t h e   h i g h - t e m p e r a t u r e   r u n ,   t h e   m e a s u r e d  
power l o s s  i s  h i g h e r  a t  h i g h e r  s p e e d s  e v e n  t h o u g h  i t  i s  i n  r e a s o n a b l e  a g r e e -  
ment w i t h  t h e  c a l c u l a t i o n s  b y  e i t h e r  m e t h o d  a t  low  speeds.  A l i k e l y  e x p l a n a -  
t i o n  i s  t h e  a d d i t i o n a l  r o t o r  t o r q u e  c a u s e d  b y  t h e  c h u r n i n g  o f  o i l  e x c e s s  
o u t s i d e   t h e   b e a r i n g   f i l m .   F o r   t h e  low  t empera tu re   run ,   t he   measu red   f l ow i s  
uniformly  lower.   The e f fec t  of f i l m  t h i c k n e s s   u n c e r t a i n t y  i s  c h e c k e d   f o r  
t h e  h i g h - t e m p e r a t u r e  r u n  a t  2 0 , 0 0 0  r p m  u s i n g  a s m a l l e r  g a p  j u d g e d  t o  b e  
r e p r e s e n t a t i v e  o f  maximum u n c e r t a i n t y  i n  t h e  d i s p l a c e m e n t  g a g i n g  s y s t e m .  
T h e  c o r r e s p o n d i n g  c h a n g e  i n  l o a d  i s  more t h a n  n e e d e d  t o  a c c o u n t  f o r  t h e  
s p r e a d   b e t w e e n   m e a s u r e m e n t   a n d   t h e   p r e s e n t   c a l c u l a t i o n .  It a l s o  shows t h e  
c o r r e c t  t r e n d  f o r  t h e  f l o w  b u t  d o e s  n o t  i m p r o v e  t h e  c o m p a r i s o n  i n  power 
loss. L u b r i c a n t   h e a t i n g  e f fec ts  a r e   c h e c k e d   b y   a l l o w i n g   f o r   t h e r m a l  effects  
i n  t h e  l u b r i c a t i n g  f i l m  f o r  t h e  l o w - t e m p e r a t u r e  c a s e  a t  2 0 , 0 0 0  rpm. Al though 
i t  r e f l e c t s  t h e  c o r r e c t  t r e n d s  i n  l o a d  a n d  power loss, t h e  a c t u a l  a m o u n t s  
a r e  r e l a t i v e l y  s m a l l ,  w h i l e  t h e  f l o w  r a t e  becomes  almost twice the  measu red  
amount. One p o s s i b l e  e x p l a n a t i o n  t o  a c c o u n t  f o r  t h e  d i s p a r i t i e s  i n  l o a d  a n d  
f l o w  f o r  t h e  low t e m p e r a t u r e  r u n  i s  t h e  p o s s i b i l i t y  o f  t h e r m a l  c r o w n i n g  o f  
t h e   b e a r i n g   s u r f a c e s .   I n s u f f i c i e n t   b e a r i n g   f e e d   f l o w   c o u l d   b e   a n o t h e r .  
T h e s e  o b s e r v a t i o n s  l e d  t o  t h e  d e c i s i o n  t o  d o  m o s t  o f  t h e  " s e a r c h e s "  a n d  
p r e l i m i n a r y   c o m p a r i s o n s   w i t h   i s o v i s c o u s   c a l c u l a t i o n s .   T h e   f i n a l   c a l c u l a t i o n s ,  
however, w i l l  a lways  be  made w i t h  t e m p e r a t u r e  e f f e c t s  t o  make s u r e  t h a t  t h e  
d e s i r e d  l o a d  c a p a c i t y  c a n  b e  r e a l i z e d  w i t h  p o w e r  a n d  f l o w  w i t h i n  t h e  a s s i g n e d  
bounds. 
A comparison was made b e t w e e n  t h e  s h r o u d e d - s t e p  a n d  s p i r a l - g r o o v e d  c o n f i g u r a -  
t i o n s .   C o n s t r a i n t s   f i x e d   f o r   b o t h   c o n f i g u r a t i o n s   i n   t h i s   c o m p a r i s o n   a r e   a s  
f o l l o w s  : 
O.D. 
I.D. 
6.5"  (165 mm) 
5.0"  (127 mm) 
Gap  1.5 mils (0.038 mm) 
RPM 10 , 000 
193  ps ig   (1 .33  x 1 0   n e w t o d m  ) S u p p l y  P r e s s u r e  
V i s c o s i t y ;   0 . 5 x l b - s e c / i n 2   ( 3 . 4 5   c p )
MIL-L- 7808, 
200 F (93.4C) 
6 2 
O t h e r  d i m e n s i o n s  o f  t h e  s h r o u d e d - s t e p  b e a r i n g  a r e  shown i n  F i g .  2 a ,  t h e y  
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2.380 I N 1  
l6W mm 1 UlBRlCANT  SUPPLY  GROOVE 
LUBRICANT MIL-L-7808 OIL 
IsovIscous 
Flow 
Ib. (newton) BP m ( 1 0 - ~ m ~ / s e c l  
Load Power 
3,180  (14,150) 2 .52  (15.9)  8 .37  
6,543  (29,100)  4 .84   (30 .5)  3 9 . 3  
10,801  (48,000) 7 . 7 7  (49 .0 )  97 .6  
15,700  (69,600) 11.10 (70.0)  188.8 
TPIPERATLIRE-DEPENDENT 
Load Flow 
I b .  (newton2 gp 
Power 
m ( 1 0 - ~ ~ ~ / ~ ~ ~ )  hp 
3,057  (13,600) 2 .97  (18.7)  7.32 
5,989  (26,600) 6 .63   (41 .8 )  31 .O 
9,586  (42.600) 11 .3   (71 .2)  80 .1  
14,208  (63,300)  15.9  (100.0)  179.6 
EfETHOD OF REF. 3 
Load Flow Power 
lb.   (newton) gpn (10 m !set) hp 
2,954  (13,130) 1.54 ( 9.66) 8.96 
5,745  (25,500) 2.76 (17.3 40.3 
13,094  (58,100) 5.94 (37.3 ) 110.0 
24,992 (111,000) 11.1 (69.0 1 227.0 
-5  3 
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F i g .  1 Comparison of Load C a p a c i t y   B e t w e e n   T h e o r i e s   a n d   E x p e r i m e n t  
TABLE 11. COMPARISON OF THEORIES WITH  EXPERIMENT 
1' 
mils  psi F 
5,000 3.3 30  98 
10,000 2.1 55  113 
15,000 2.3 56  139 
20.000 2.2 30  115
20,000 2.2 30  115* 
5,000 2.7 24  228 
10,000 2.1 28  240
15,000 2.3 35 253 
20,000 2.4 39  277 
20,000 2.0 39  277 
h pf Tf 
N(rpn) Ipm 106 newt 7= 
5,000 0.084 0.207 36.7 
10,000  . 53  . 79  45.
15,000 0.058  0.386 9.5 
20,000  . 56 0.207 46.1 
20,000  . 56 .207 46.1* 
"
5,000 0.068  0.166 109. 
10,000 0.053  0.193 115.5 
15,000 0.058  0.242 123. 
20,000 0.061  0.269 136. 
20,000 0.051  0.269 136. 
Load, lb. 
Exp . 
R e f .  3 Ref. 2 Present "-
456 460  378 
1116 800  8 4 
1860 650 1331 
2420 580  1567 - - 1416 
208  200  180
500  400  359 
750 500  534 
960  7  30  695
810 - - 
Load,Newton 
E x p  . 
Ref. 3 Ref. 2 Present 
2030 2050 1680 
4970 3560 3840 
8280 2890 5930 




925 890 800 
2220 1780 1600 
3340 2220 2370 
4270 3250 3090 
3600 - - 
Flow, gpm 
Em. 
l e f .  3 Ref. 2 Present 
2.0  1.9  2.5 
2.0  2.1  2.4 
3.4  2.4 3.9 
4.5  3.3  4.7 
6.2 - - 
3.3 4.2  4.7 
3.6 4.0  4.5 
6.7 5.5 7.5 




tef .  3 Ref. 2 Present 
12.6 12.0 15.7 
12.6 13.2 15.1 
21.4 15.1 24.5 
28.3 20.8 29.6 - 39 .O 
"- 
10.8 26.5 29.6 
12.7 25.2 28.3 
i2.2 34.6 47.2 
53.0 38.4 72.5 
- 51.6 
Power Loss, hp 
Exp . 
Ref. 3 Ref. 2 Present "-
0.53 0.56 1.5 
3.8 2.8 6.2 
14. 8.9 17.2 
36. 21. 29. 
22.5 - - 
0.45 0.59 0.32 
2.7 2.0 2.0 
6.9 10.6 6.4 
13.3 23. 12.2 
13.3 - - 
* Temperature - Dependent 
0.2 IN. 
2 .O" 2 1.5' 
0.2 IN. 
(5.1 mm) 
LUBRICANT  SUPPLY GROOVE 
( a )  SHROUDED STEP ( 4 SECTORS) 
(b)  INWARD  PUMPING  SPIRAL- ( C  ) OUTWARD  PUMPING  SPIRAL- 
GROOVED  THRUST  BEARING G OOVED HRUST  BEARING 
GROOVE DEPTH = 6 MlLS(.O15 mm) 
SPIRAL ANGLE = 18' (FROM CIRCUMFERENCE) 
GROOVE/RIDGE WIDTH RATIO = 1.0 
F i g .  2 D i m e n s i o n s  o f  S h r o u d e d - S t e p   a n d   S p i r a l - G r o o v e d  
B e a r i n g s  f o r  C o m p a r a t i v e  S t u d i e s  
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Two v e r s i o n s   o f   s p i r a l - g r o o v e d   d e s i g n s  were c o n s i d e r e d .   I n   F i g .   2 b ,  
t he  conven t iona l  i nward -pumping  a r r angemen t  i s  shown w i t h  t h e  a u g m e n t i n g  
p r e s s u r i z e d  s u p p l y  a t  a d iameter   o f   5 .5   in .  (140 mm). I n  t h i s  a r r a n g e m e n t ,  
t h e  o u t w a r d  r a d i a l  f l o w  i s  opposed  by  the  pumping  ac t ion  o f  t he  sp i r a l  
g r o o v e s .   F i g .   2 c   s h o w s   o u t w a r d - p u m p i n g   s p i r a l   g r o o v e s   i n   d i r e c t  communi- 
c a t i o n  w i t h  t h e  p r e s s u r i z e d  s u p p l y  b u t  s e p a r a t e d  f r o m  t h e  o u t e r  d i a m e t e r  
by a " l and" .   The   d imens ions   shown   a re   t he   r e su l t s   o f  some e x p l o r a t o r y  
t r i a l s  t o  o b t a i n  t h e  h i g h e s t  l o a d .  The  comparison  of  load,  f low,  and  power 
a r e  a s  f o l l o w s :  
Shrouded-Step Spira  1-Grooved 
(F ig .   2a)  (Fig.   2b)   (Fig.   2c)  
Load,   lbs (newtons)   2 ,391  (10630)  1 91  (752  2105  9350)  
Flow, gpm (10 m s e c )  7.88  (49.7)  2.4   (15.6)  2.16  (13.6) -5  3 
Power , hp 6.70  9.43  9.36 
It i s  s e e n  t h a t  t h e  s h r o u d e d - s t e p  d e s i g n  h a s  a l a r g e r  l o a d  c a p a c i t y ,  a l a r g e r  
f l o w   r a t e ,   a n d   a l s o  a s m a l l e r  f r i c t i o n  power.  The l a r g e r  f l o w  r a t e  o f  t h e  
sh rouded- s t ep  i s  m a i n l y  d u e  t o  i t s  a d d i t i o n a l  l e a k a g e  i n t o  t h e  r a d i a l  s l o t s .  
One may e x p e c t  t h a t  t h e  s p i r a l - g r o o v e d  b e a r i n g  s h o u l d  b e  more s e n s i t i v e  t o  
t e m p e r a t u r e   e f f e c t s   b e c a u s e   o f  i t s  l e s s e r   c o n v e c t i v e   c o o l i n g .  The s m a l l e r  
f r i c t i o n  power  of   the   shrouded-step i s  due t o  t h e  s m a l l e r  o v e r a l l  l a n d  a r e a .  
The l a r g e r  l o a d  c a p a c i t y  o f  t h e  s h r o u d e d - s t e p  was  somewhat  of  a s u r p r i s e ,  
s i n c e  t h e  s p i r a l - g r o o v e d  d e s i g n  h a s  b e e n  more p o p u l a r  i n  r e c e n t  y e a r s  p r e -  
c i s e l y   b e c a u s e   o f  i t s  l o a d   c a p a c i t y .  The e x p l a n a t i o n   f o r   t h i s   a p p a r e n t   c o n -  
t r a d i c t i o n  c o n s i s t s  o f  t h r e e  p o i n t s :  
( a )  The g e n e r a l   f a v o r   f o r   s p i r a l - g r o o v e d   t h r u s t   b e a r i n g s  
o v e r  o t h e r  t y p e s  i s  m a i n l y  i n  g a s  b e a r i n g  a p p l i c a t i o n s ;  
i . e . ,  gas  bea r ing  gy roscopes  and  Bray ton-cyc le  mach ine ry ,  
w h e r e  t h e  l a r g e  c o m p r e s s i b i l i t y  number  would  tend t o  
l i m i t  t h e  u n i t  l o a d  t o  t h e  o r d e r  o f  m a g n i t u d e  of t h e  
a m b i e n t   p r e s s u r e .   I n  a s p i r a l - g r o o v e d ,   g a s - l u b r i c a t e d ,  
t h r u s t  b e a r i n g ,  t h i s  l i m i t a t i o n  i s  removed  by  using a 
l a r g e  number  of  narrow  grooves [8]. S i n c e ,   i n   t h e   p r e s e n t  
p r o b l e m ,   t h e   l u b r i c a n t  i s  i n c o m p r e s s i b l e ,  t h e  r e l a t i v e  
a d v a n t a g e  o f  t h e  s p i r a l - g r o o v e d ,  g a s - l u b r i c a t e d ,  t h r u s t  
b e a r i n g   f o r   l a r g e   c o m p r e s s i b i l i t y   n u m b e r s   d o e s   n o t   a p p l y .  
( b )   T h e   s p i r a l - g r o o v e d   t h r u s t   b e a r i n g  may b e   d e s i g n e d   t o   b e  
e i t h e r  i n w a r d - p u m p i n g ,  w i t h  t h e  g r o o v e s  i n  c o m m u n i c a t i o n  
w i t h  t h e  a m b i e n t  a t  t h e  o u t e r  d i a m e t e r ,  o r  o u t w a r d - p u m p i n g ,  
w i t h  t h e  g r o o v e s  i n  c o m m u n i c a t i o n  w i t h  t h e  a m b i e n t  a t  t h e  
i n n e r   d i a m e t e r .  If t h e   i n n e r / o u t e r   d i a m e t e r   r a t i o  i s  
s m a l l ,  s a y  less t h a n  0.6, t h e   l o a d   c a p a c i t y   o f   t h e   i n w a r d -  
pumping d e s i g n  i s  s i g n i f i c a n t l y  l a r g e r  t h a n  t h a t  o f  t h e  
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outward-pumping  design [9,  lo]. T h i s   f e a t u r e  i s  u s u a l l y  
employed t o   a d v a n t a g e .   I n   t h e   p r e s e n t   s i t u a t i o n ,   t h e  
m e c h a n i c a l  a r r a n g e m e n t  o f  t h e  r o l l i n g - e l e m e n t  b e a r i n g  
n e c e s s i t a t e s  a r e l a t i v e l y   l a r g e r   i n n e r   d i a m e t e r .   I n   f a c t ,  
t h e  i n n e r / o u t e r  d i a m e t e r  r a t i o  o f  0.77 used i n  t h e  c a l c u l a t i o n s  
i s  n o t  s u f f i c i e n t l y  l a r g e  f r o m  t h e  p r a c t i c a l  p o i n t  o f  view. 
( c )  The s p i r a l - g r o o v e d   t h r u s t   b e a r i n g  i s  p r i m a r i l y  a v i s c o u s ,  
s e l f - a c t i n g   b e a r i n g .   I n   t h e   p r e s e n t   c a s e ,   t h e r e  i s  c o n s i d -  
e r a b l e  c e n t r i f u g a l  h e a d  a v a i l a b l e  t o  a u g m e n t  ( o r  e v e n  re- 
p l a c e )   t h e   v i s c o u s ,   s e l f - a c t i n g   e f f e c t s .   T h e r e f o r e ,   a n y   a d -  
v a n t a g e  r e l a t e d  t o  a v i s c o u s ,  s e l f - a c t i n g  f l u i d  f i l m  w o u l d  
become r e l a t i v e l y  o b s c u r e d .  
I n  v i ew o f  t hese  a rgumen t s ,  i t  was d e c i d e d  t o  a b a n d o n  f u r t h e r  c o n s i d e r a t i o n s  
of t h e  s p i r a l - g r o o v e d  f l u i d - f i l m  b e a r i n g s .  
I n  t h e  n e x t  r o u n d  o f  o p t i m i z a t i o n ,  o r  t r a d e - o f f  s t u d y ,  i s o v i s c o u s  c a l c u l a -  
t i o n s  ( u s i n g  o i l  v i s c o s i t y  a t  200 F ( 9 3 . 4  C) were p e r f o r m e d  t o  l o o k  f o r  
t h e  o p t i m u m   p a r a m e t e r s   f o r   t h e   s h r o u d e d - s t e p   t h r u s t   b e a r i n g .   B e c a u s e   o f  
p r a c t i c a l  l i m i t a t i o n s  t o  t h e  tes t  e q u i p m e n t   t h e   f o l l o w i n g   c o n d i t i o n s   o f  
o p e r a t i o n  were imposed f o r  a s p e e d  of  20,000 rpm: 
Load C a p a c i t y  > 2,500 l b s  ( 1 1 , 1 2 0  newtons) 
F r i c t i o n  Power < 60 hp 
Flow > 10 gpm ( 6 3  x 10 m /sec -5  3 
The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  a r e  s u m m a r i z e d  i n  T a b l e  111. I n  S e r i e s  A ,  
n i n e  c a s e s  c o n s i s t  o f  t h e  c o m b i n a t i o n s  o f  t h r e e  p o c k e t  d e p t h s  a n d  t h r e e  
bea r ing   gaps .   The   chosen   supp ly   p re s su re   o f  5 0  p s i g  ( 3 4 5 , 0 0 0  newton/m ) i s  2 
c o n s i s t e n t   w i t h   t h e   s t a n d a r d   a i r c r a f t   l u b e   s y s t e m .   A c c o r d i n g   t o   t h e   r e s u l t s  
on  f low,   which i s  r o u g h l y  p r o p o r t i o n a l  t o  t h e  t h i r d  power of the  gap ,  one  
r e a d i l y  c o n c l u d e s  t h a t  t h e  g a p  h a s  t o  b e  i n  t h e  r a n g e  o f  1.0 - 2.0 mils 
(0 .025 - 0.051 mm). W i t h i n   t h i s   r a n g e   o f   b e a r i n g   g a p ,   t h e   l o a d   c a p a c i t y  
peaks  wi th  the  pocket  depth  somewhere  be tween 12  and  16 mils ( 0 . 3 0  and 0.41 
mm). The f r i c t i o n  power i s  p r a c t i c a l l y   i n d e p e n d e n t  o f  the   pocke t   dep th .  
B o t h  t h e  l o a d  c a p a c i t y  a n d  t h e  f r i c t i o n  power a r e  s i g n i f i c a n t l y  l a r g e r  t h a n  
t h e   t a r g e t   v a l u e s ,   i n d i c a t i n g   t h a t   t h e   b e a r i n g  i s  somewhat  oversized. I n  
S e r i e s  B y  t h e  o u t e r  r a d i u s  was a d j u s t e d  a c c o r d i n g  t o  t h e  s c a l i n g  l a w  f o i  
t h e  f r i c t i o n  p o w e r ,  
~p (Ro 4 - Ri 4 1, 
s u c h  t h a t  a v a l u e  o f  60 hp  was  ob ta ined  fo r  t he  1 m i l  (0 .025 mm) g a p ;  s e t t i n g  
R = 3.5 i n  (89 mm). W i t h   t h e   s m a l l e r   t o t a l   a n n u l a r   w i d t h ,   t h e   w i d t h s   o f  
tRe p o c k e t   a n d   t h e   l a n d s  were reduced   acco rd ing ly .  An a d d i t i o n a l   c o n s i d e r a -  
t i o n   i n t r o d u c e d  was a h i g h e r   s u p p l y   p r e s s u r e .  The h i g h e r   s u p p l y   p r e s s u r e  
may be   d rawn   f rom  the   cen t r i fuga l   head   o f   t he   runne r .   The   pocke t   dep th  
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TABLE 111. ISOVISCOUS  OPTIMIZATION  CALCULATIONS OF SHROUDED-STEP BEARING 
























D l  
I 2 
- 
b L a e  E !  b h i  U HP Q 
3 .0  (76.2)  3.75(95.2)1  0.238 ( 6 . 0 )  0.274 ( 7 . 0 )  ' 1.83  22.41 60.30 12  (0.30) 1 (0.025) 7,587 (33,700)  107.9 , 4.91 ( 31) 
I 
~ 3.50(89.0) '   0 .16  4 . )  0.18 ( 4 . 6 )  i i 16 (0.41) 
2 (0.051) 3,524  (15.700) I 81.6  13.89 ( 87.5) 
4  (0.102) 1.166 ( 5,190) 63.0 ' 26.25  (165) 
1 (0.025) 6,448  (28,600) 107.8 4.20 ( 26.5) 
2  (0.051) I 3,664  (16.300) 82.3  14.56 ( 92) 
4  (0.102)  1.359 ( 6.040) 62.9  30.84  (194) 
1 (0.025) ~ 5,566  (24.800) I 107.6  3.64 ( 23) 
2  (0.051)  3,616 (16.100) 82.9 14.45 ( 91) 
4  (0.102)  1,506 ( 6,700) 63.0 1 34.36  (216) 
1 (0.025)  3,193  (14,200) i 60.6 ~ 4.72 ( 30)  
2  (0.051) 1 1,466 ( 6,520) 46.1 ' 13.27 ( 84) 
4  (0.102) 490 ( 2,180) 35.3 ' 25.52 ( 61) 
1 (0.025) i 3,940  (17,500) 1 60.3 ' 5.92 ( 37) 
2 (0.051) 1 1,989 ( 8,850) 45.4 , 18.49  (116) 
4  (0.102) 838 ( 3,730) 34.2 45.71  (288) 
1.4 (0.036) 2,660  (11,800) 53.9 9.65 ( 61) 
1.6  (0.041)  2,289  (10,200) 50.7 11.8 ( 74) 
1.8  (0.046) 1,977 ( 8,800) 48.0 13.9 ( 88) 
1.4 (0.036) 3,216  (14,300) 61.4 9.66 ( 61) 
1.6 (0.041) 2,795  (12,450) 57.8 11.9 ( 74) 
1.8  (0.046)  2,434  (10.820) 54.8 14.1 ( 88) 
1.4 (0.036) 3,812 (16,950) 69.3 9.63 ( 61) 
1.6  (0.041) 3,341  (14.9W) 65.3 12.0 ( 76) 
1.8 (0 .046)  2,932 (13,050) 61.9 14.1 ( 90) 
1.45 (0.037) 3,105 (13,800) 60.4 10.23 ( 65) 




was f i x e d  a t  16 mils (0.41 mm). S c a n n i n g   t h e   r e s u l t s   o f   S e r i e s  B y  it i s  
a p p a r e n t  t h a t  f r i c t i o n  power i s  no   longer  a test l i m i t a t i o n .  The  objec-  
t i v e s  o f  f l o w  a n d  l o a d  c a p a c i t y  a r e  b o t h  s a t i s f i e d  f o r  t h e  1 m i l  g a p  w i t h  
e i ther  supply  pressure.   However ,  there a r e  o v i o u s   a d v a n t a g e s   t o   u s e   t h e  
l a r g e s t   p o s s i b l e   g a p .  A t  50 p s i g  (0.345 x 10 newton/m2)   supply   p ressure ,  
t h e   g a p  i s  l o a d - c a p a c i t y   l i m i t e d ;   w h e r e a s ,  a t  193 p s i g  (1.33 x lo6 newton/ 
m2) s u p p l y   p r e s s u r e ,   t h e   g a p  i s  f l o w   l i m i t e d .   C l e a r l y ,   a t   a n   i n t e r m e d i a t e  
s u p p l y  p r e s s u r e ,  t h e  maximum gap  wou ld  be  l imi t ed  s imul t aneous ly  by  load -  
capac i ty  and  f low,  and  th i s  wou ld  be  the  op t imum supp ly  p res su re  wh ich  
a l l o w s  a l l  d e s i g n  o b j e c t i v e s  t o  b e  m e t  w i t h  the l a r g e s t  p o s s i b l e  g a p .  I n -  
t e r p o l a t i n g  b e t w e e n  t h e  t w o  s u p p l y  g r e s s u r e s  o f  S e r i e s  B ,  t h i s  c o n d i t i o n  
was found t o  b e  1 2 0  p s i g  (0 .83  x 10 newtonlm ), and  the   gap   would   be   about  
1.5 m i l s  (0 .038  mm). A t  t h i s  p o i n t ,  i t  i s  n o t e d  t h a t  t h e  f r i c t i o n  power 
l i m i t  has n o t  b e e n  r e a c h e d ,  t h e r e f o r e  a l a r g e r  b e a r i n g  may b e  t o l e r a t e d  s o  
t h a t  t h e  l a r g e s t  p o s s i b l e  l o a d  c a p a c i t y  may b e  r e a l i z e d  w i t h i n  t h e  f l o w  a n d  
f r i c t i o n  power l i m i t a t i o n s .   T h e r e f o r e ,   i n   S e r i e s  C y  w i t h   t h e   s u p p l y   p r e s s u r e  
f i x e d  a t  1 2 0  p s i g  (0.83 x lo6  newton/mm 2 ), t h e  p o s s i b i l i t y  o f  i n c r e a s i n g  
t h e   o u t e r   d i a m e t e r  was   exp lo red .   The   w id ths   o f   t he   pocke t   and   t he   l ands  
were a g a i n   i n c r e a s e d   i n   p r o p o r t i o n .  It i s  s e e n ,  i n  S e r i e s  C ,  t h a t  the f low 
i s  d e p e n d e n t  o n l y  o n  t h e  b e a r i n g  g a p ,  t h u s  o n e  r e a d i l y  f i n d s  b y  i n t e r p o l a -  
t i o n  t h a t  t h e  f l o w  a l l o w a n c e  o f  10 gpm ( 6 3  x 10-5m3/sec)  would  be m e t  w i t h  
1.45 m i l s  (0.037 mm) g a p ,  a n d  t h e  f r i c t i o n  power a l lowance  o f  60 hp  would 
b e   s a t i s f i e d  wi th  3.55 i n .  (93.7 mm) o u t e r   r a d i u s .   T h i s  i s  e s s e n t i a l l y   t h e  
o p t i m i z e d   d e s i g n .   S e r i e s  D c o n t a i n s  i t s  v e r i f i c a t i o n  c a l c u l a t i o n  a n d  a l s o  
a c h e c k   o n   t h e   e f f e c t s   o f   a s l i g h t l y   s h a l l o w e r   p o c k e t .   T h e r e  i s  v i r t u a l l y  
n o  d i f f e r e n c e  i n  a l l  a s p e c t s  f o r  t h e  r a n g e  o f  p o c k e t  d e p t h  b e t w e e n  14 t o  16 
m i l s  (0.35 t o  0.41 mm). F i n a l l y ,   t h e   t e m p e r a t u r e   e f f e c t s   a r e   c o n s i d e r e d  
f o r  t h e  o p t i m i z e d  d e s i g n  a n d  the r e s u l t s  a r e  l i s t e d  a s  f o l l o w s :  
k 
2 
Method o f   Ca lc .   I sov i scous   Tempera tu re   D penden t  
Load ,   lbs   (newtons  3 , 105 ( 13 , 800)   3 ,030   (13 ,450)  
Flow, gpm (10 m /sec) 10.23 (64 .5 )  10.87 ( 6 8 . 5 )  
Power,  hp 60.4  57.3 
-5 3 
T h i s  c o m p a r i s o n  i n d i c a t e s  t h a t  t h e  p e r f o r m a n c e  o f  t h e  o p t i m i z e d  s h r o u d e d -  
s t e p  b e a r i n g  i s  e s s e n t i a l l y  n o t  s e n s i t i v e  t o  t e m p e r a t u r e  e f f e c t s  a t  t h e  
s e l e c t e d   c o n d i t i o n s   o f   o p e r a t i o n :  1.45 m i l s  (0.037 mm) gap,   200 F ( 9 3 . 4  C) 
o i l   i n l e t   t e m p e r a t u r e ,   a n d   2 0 , 0 0 0  rpm.  However, i n  view of t h e  r e s u l t s  
shown i n  T a b l e s  I ,  I1 and  Fig.  1, s i g n i f i c a n t  t e m p e r a t u r e  e f f e c t s  c a n  b e  
a n t i c i p a t e d  a t  h i g h e r  s p e e d s  a n d  p a r t i c u l a r l y  a t  l o w e r  o i l  i n l e t  t e m p e r a -  
t u r e s  . 
As t h e  d e s i r e d  s u p p l y  p r e s s u r e  f o r  t h e  o p t i m i z e d  d e s i g n  i s  l i k e l y  t o  b e  
d e r i v e d  f r o m  t h e  c e n t r i f u g a l  h e a d  o f  t h e  r u n n e r ,  a n  a p p r o p r i a t e  f l o w  re- 
s t r i c t o r  must  be designed t o  c o r r e s p o n d  t o  t h e  p a r t i c u l a r  c o m b i n a t i o n  o f  
s p e e d ,   f i l m   t h i c k n e s s ,   a n d   f l o w .   A s s u m i n g   a n   o r i f i c e   t y p e   r e s t r i c t o r   w i t h  
a p r e s s u r e  d r o p  e q u a l  t o  2.46 times t h e  v e l o c i t y  h e a d ,  t h e  r e q u i r e d  re- 
s t r i c t o r  i n  e a c h  s e c t o r  s h o u l d  h a v e  a d i a m e t e r  o f  0.0575 i n .  (1.46 mm). 
W i t h  t h e  f i x e d  r e s t r i c t o r  g e o m e t r y ,  t h e  p e r f o r m a n c e  c h a r a c t e r i s t i c s  o f  
t h e  " o p t i m i z e d "  f l u i d - f i l m  b e a r i n g  w o u l d  v a r y  w i t h  b o t h  s p e e d  a n d  o p e r a t i n g  
g a p .   S u c h   o f f - d e s i g n   p e r f o r m a n c e   c h a r a c t e r i s t i c s   a r e  shown i n  F i g .  3 and 
Table  I V .  T h e s e  c a l c u l a t i o n s  were made b y   t h e   i s o v i s c o u s   m e t h o d   f o r   t h e  
MIL-L-7808 o i l  a t  200 F (93.4 C) .  T h e r m a l  f i l m  e f f e c t s  were e v a l u a t e d  a t  
20,000 rpm and were found t o  b e  n e g l i g i b l e  a s  i n d i c a t e d  i n  T a b l e  I V .  Fig.  3 
shows t h a t  t h e  l o a d  c a p a c i t y  i s  v e r y  s e n s i t i v e  t o  t h e  a c c u r a c y  i n  s e t t i n g  
the  bea r ing  gap .  
I n  t h e  s h r o u d e d - s t e p  d e s i g n ,  l o a d  i s  shared  between  hydrodynamic  and 
h y d r o s t a t i c  e f f e c t s .  The s u p p l y   p r e s s u r e   r e q u i r e d   b y   t h e   o p t i m i z e d   d e s i g n  
descr ibed  above  i s  h i g h e r  t h a n  i s  a v a i l a b l e  f r o m  t h e  s t a n d a r d  a i r c r a f t  l u b e  
system.  However, t h e   c e n t r i f u g a l   h e a d   o f   t h e   r u n n e r  i s  a m p l y   s u f f i c i e n t   f o r  
t h i s   p u r p o s e .   S i n c e   t h e   h y d r o d y n a m i c   e f f e c t  i s  r o u g h l y   p r o p o r t i o n a l   t o   t h e  
f i r s t  power  o f  t he  speed  whereas  the  cen t r i fuga l  head  i s  p r o p o r t i o n a l  t o  t h e  
second  power ,   h igher   speed   opera t ions   favor  a p u r e l y  h y d r o s t a t i c  d e s i g n .  
I n  t h a t  e v e n t ,  r e - e x a m i n a t i o n  o f  t h e  c o n f i g u r a t i o n  d e s i g n  i n  a d d i t i o n  t o  
p a r a m e t r i c   o p t i m i z a t i o n   w o u l d   b e   d e s i r a b l e .   I n   p a r t i c u l a r ,   e l i m i n a t i o n   o f  
t h e  r a d i a l  s l o t s ,  w h i c h  d i v i d e  t h e  b e a r i n g  i n t o  f o u r  s e c t o r s ,  i s  p r o b a b l y  
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Fig. 3 Performance  Data  for  Optimized  "Pocketed-Shrouded-Step  Bearing" 
TABLE I V .  PERFORMANCE DATA FOR OPTIMIZED "POCKETED-SHROUDED-STEP  BEARING" 
N 
I" 
1 .o 2 .o 1.45 
U(lb)/P(psl)  Q (gpm) RP (hp) $(hp) W(lb)/P(psi) Q. (gpm) HP (hp)  (hp) N l b ) / P ( p s i )  Q ( g p d  HP (hp) 6 ' (hp)  
20,000 71531615 9.14 67.9 9.32 3105/120 10.2 60.4 10.4 162411.0 12 .o 52.8 12.2 
20,000* 70261615 10.1 65.1 10.3 3120/120 10.9 57.3 11.1 158711.0 12.4 50.6 12.6 
10,000 2455/220 3.95 9.20 1.01 1117/ 74 5.12 8.35 1.30 569110 5.51 8.49 1.40 
15,000 44521390 6.42 28.3  3.68  2075/100  7.60  28.3 4.36 1025/1.0  8.51 25.0 4.88 
5,000 8881 77 1.43 2 . 0 8  0.09 477/ 35 2.31  1.51 0.15 221/10 2.72 1.15 0.17 




























* Temperature - Dependent 
CONCLUSIONS  AND  RECOMMENDATIONS 
The  results  of  the  analyses  performed  indicate  that: 
A. Temperature  rise  within  the  fluid-film  due  to  frictional  dissipation  can 
significantly  affect  the  bearing  performance  under  the  combined  condi- 
tions  of 
- Low  bearing  temperature 
High  sliding  speed 
Small  film  thickness 
The  principal  effects  in  decreasing  order  of  magnitude  are 
. Increased flow - Reduced  friction  power loss . Reduced  load  capacity 
However,  the  isoviscous  calculations  generally  give  the  correct  qualita- 
tive  trends  in  aspects  not  directly  related  to  temperature. 
B. The  spiral-grooved  thrust  bearing  is  less  favorable  in  the  present  appli- 
cation  because: 
1. The  lubricant  is  incompressible 
2. The  annular  width  of  the  bearing  is  small 
3. The  self-acting  portion  of  the  load  capacity  is  not  predominating 
4 .  Lesser  convective  cooling  makes  it  more  temperature  sensitive 
C.  An  optimized  shrouded-step  bearing  design  is  found  which  satisfies  test 
prescribed  limitations.  It  operates  at 1.45 mils (0.037 mm) gap  with 
load  capacities  at 20,000 and 10,000 rpm  respectively  of 3,000 lbs. (13,330 
newtons)  and 1100 lbs. (4 ,900 newtons). The  supply  pressure of the  op- 
timized  shrouded-step  at 20,000 rpm  should  be 120 psig (0.83 x l o 6  
newton/mm2). 
D. A purely  hydrostatic  design  which  utilizes  the  available  centrifugal  head 
to  its  fullest  extent  should  be  considered.  With  the  full  centrifugal 
head,  the  bearing  area  can  be  substantially  smaller  and  considerable  sav- 
ing  in  power l o s s  may  be  realized.  This  advantage  would  be  particularly 
significant  for  higher  speed  operations. 
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APPENDIX A 
INCOMPRESSIBLE THIN FILM FLON FIITH TEMPERATURE EFFECTS 
1 .O Statememt of Problem 
Cons ider  a f l u i d ,  w h i c h  h a s  a t e m p e r a t u r e  d e p e n d e n t  v i s c o s i t y ,  p ( T ) ,  f l o w i n g  
b e t w e e n  t w o  n e a r l y  p a r a l l e l  s u r f a c e s ,  t h e  t e m p e r a t u r e s  o f  w h i c h  a r e  k e p t  
c o n s t a n t  a t  Tw. L e t   t h e   s e p a r a t i o n   b e t w e e n   t h e   s u r f a c e s   b e   h ,   a n d  l e t  one 
of  t h e  s u r f a c e s  move t a n g e n t i a l l y  t o  i t s e l f  w i t h  the v e l o c i t y  V .  The mean 
s u r f a c e  c a n  b e  d e s c r i b e d  i n  terms o f  o r t h o g o n a l  ( c u r v i l i n e a r )  c o o r d i n a t e s  
( x , z )  r e s p e c t i v e l y  p a r a l l e l  a n d  p e r p e n d i c u l a r  t o  t h e  s l i t l i n g  v e l o c i t y  V .  
L e t  t h e  n o r m a l  d i s t a n c e  f r o m  t h e  mean s u r f a c e  b e  y ,  t h e n  
-f 
+ 
c o n t a i n s  t h e  e n t i r e  t h i n  f i l m  f l o w  f i e l d  o f  i n t e r e s t .  
The momentum e q u a t i o n s ,  h a v i n g  n e g l e c t e d  t h e  i ne r t i a l  e f f e c t s ,  are 
T h e  c o r r e s p o n d i n g  b o u n d a r y  c o n d i t i o n s  a r e  
U(Y = 
u(y  = -) = v 
h h - 2) = w(y = +_ 2) = 0 
h 
2 
V be ing  a f u n c t i o n   o f  z .  E i s  t h e  dddy d i f f u s i v i t y   t o   a c c o u n t   f o r   t h e  t u r -  
bu len t   Reynolds  s t r e s s .  T h e   c o n t i n u i t y   r e q u i r e m e n t   a s s u m i n g   i n c o m p r e s s i b i l i t y  
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c a n  b e  w r i t t e n  a s  
. h I 2  ~ 
d iv  Udy + ah = 0 
s-h/Z a t  
The  boundary condi t ions depend on t h e  p a r t i c u l a r  p h y s i c a l  s i t u a t i o n ,  
t y p i c a l l y  some re la t ion  be tween f low and  pressure  would  be  s t ipu la ted .  
C lea r ly ,  w i th  a tempera ture  dependent  v i scos i ty ,  one  i s  a l s o  r e q u i r e d  t o  
dea l   wi th   the   energy   equat ion .  The appropriate   t ime-independent   energy 
equa t ion ,  t ak ing  in to  accoun t  t he  tu rbu len t  hea t  t r anspor t  and  assuming  heat 
d i f f u s i v i t y  t o  b e  n o m e r i c a l l y  e q u a l  t o  momentum d i f f u s i v i t y ,  c a n  b e  w r i t t e n  
f o r  a n  i n c o m p r e s s i b l e  t h i n  f i l m  t o  b e  : 
where, 7 = 7 + T '. This   equat ion  was previous ly   der ived  by Lund [l].  2 9r 
T u r b u l e n t  d i f f u s i t y  may be obtained by empi r i ca l  co r re l a t ion  o f  expe r imen ta l  
da ta .  There  i s  no unique  farm  of optimum r e p r e s e n t a t i o n  w i t h o u t  r e f l e c t i n g  
p e r s o n a l  t a s t e .  One expression  which  has  been  used  with a f a i r  amount  of 
s u c c e s s  i n  t u r b u l e n t  f i l m  l u b r i c a t i o n  s t u d i e s  was o r i g i n a l l y  d u e  t o  R e i c h a r d t  
XY Z Y  
[21: 
where  the  empir ica l  cons tan ts  k and 6' a r e  u s u a l l y  t a k e n  t o  b e  0 . 4  and 10.7 R 
r e s p e c t i v e l y .  
I n  p r i n c i p l e ,  a complete   mathematical   s ta tement   has   been  presented.  It 
would b e  q u i t e  f e a s i b l e  t o  c a r r y  o u t  a numerical  computat ion without  fur ther  
s i m p l i f i c a t i o n s ,  h o w e v e r ,  i n  t h e  i n t e r e s t  o f  a c h i e v i n g  maximal computat ional  
economy which would be  ve ry  impor t an t  i n  an t i c ipa t ion  o f  ex tens ive  des ign  
c a l c u l a t i o n s ,  a d d i t i o n a l  s i m p l i f y i n g  a s s u m p t i o n s  w i l l .  be  made. 
*Bracketed  numbers r e f e r  t o  i d e n t i c a l l y  numbered r e t e r e n c e s  a t  end  of 
t h i s  Appendix. 
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2 . 0  Review of I soviscous  Turbulent  F i lm Analys is  
To form t h e  s t r a t e g y  f o r  t h e  deve2ppment of  a p rac t i ca l  computa t ion  scheme, 
i t  i s  u s e f u l  .LO review the  i soViscous  tu rbu len t  f i l m  l u b r i c a t i o n  t h e o r y  
c o n s i s t e n t  w i t h  t h e  g e n e r a l  schemes  according t o  e q u a t i o n s  ( 1 , 2 , 3 , 5 ) .  
Formally,  one can wxite  
where e i s  a dyad ic  coe f f i c i en t  wh ich  accoun t s  fo r  t he  in f luence  o f  t u rbu -  
lence on v e l o c i t y  p r o r i l e s  I E turns  out :  to  be diagonal ,  the components  of  
which a r e  f u n c t i o n s  o f  h3 a p  , 2 & , and fi [3] .  I n  [4] , by assuming 
- 
* 
IJV a2 PV a2 V 
- 
< < 1, E was l i n e a r i z e d  and i t s  components were found  to  depend 
Vh only  on - . The l i n e a r i z e d   r e s u l t s ,  s o  f a r   a s   t h e  components  of a r e  
concerned, were f o u n d  t o  b e  a c c u r a t e  f o r  a  much wider  range than the under-  
l y ing  a p r io r i  a s sumpt ion ,  and  the re fo re  can  be  used  up t o  
- 
V 
3 . 0  Trea tment  of  Trans i t iona l  Flow 
The components   of   reduce  to   the  laminar   value,  - 1 12 , o n l y  i n  t h e  l i m i t i n g  
c o n d i t i o n  "- 0.  This i s  a bas ic   shor tcoming  of   the   ana lys t s   which   does  
n o t  e x p l i c i t l y  r e c o g n i z e  t h e  c r i t i c a l  t r a n s i t i o n  phenomenon. A p r a c t i c a l  
remedy  of t h e  s i t u a t i o n  i s  to  per form a reasonable  in te rpola t ion  be tween 
laminar   and   tu rbulen t   condi t ions   [SI .  One such   r easonab le   i n t e rpo la t ion  
r u l e  i s  t o  r e g a r d  - as  an  e f f ec t ive  Reyno lds  number,  while  the actual  
Reynolds number i s  w r i t t e n  a s  - t o  a v o i d  n o t a t i o n a l  c o n f u s i o n ,  t h e s e  a r e  






= f ( y  , R c r ,  Rf )  , \ U 
& I n  [3]  the  eddy d i f fus iv i ty  used  inc luded  a "core effect"  which was 
n e g l e c t e d  i n  [4].  
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where Rcr and Rf a r e  r e s p e c t i v e l y  c r i t i c a l  and ful ly  developed Reynolds  
numbers.  According t o  a v a i l a b l e  e x p e r i m e n t a l  d a t a ,  Rf M 2Rcr i s  a reasonable  
g e n e r a l  r u l e  f o r  a va r i e ty  o f  wa l l  shea r  f lows .  
Fo r  in t e rmed ia t e  va lues  o f  l $ l  , t h e r e  is  no  overwhelming  argument t o  f a v o r  
o n e  k i n d  o f  i n t e r p o l a t i o n  r u l e  o v e r  a n o t h e r .  The e l l i p t i c a l  r u l e  w i l l  be 
used  p r imar i ly  due  to  pe r sona l  t a s t e :  
I n t e r p o l a t i o n  c a n n o t  b e  p e r f o r m e d  o n  t h e  c o e f f i c i e n t  o f  f r i c t i o n ,  C f ,  d i r e c t l y  
because 
1 i m  C f  = "\ 8, +co 
- I  
Ins t ead ,   t he   app ropr i a t e   shea r   s t r e s s   pa rame te r   fo r   i n t e rpo la t ion   i s  
Note t h a t  t h e  c o r r e c t  s h e a r  s t r e s s  would be calcudated from - but not from 
C f .  I n  f a c t ,  o n e  s h o u l d  t a k e  n o t e  t h a t  G f  a s  d e f i n e d  i n  terms of  Vh/v 
above should be multiplied by  f t o  o b t a i n  t h e  e Q n v e n t i o n a 1  c o e f f i c i e n t s  oh 
f r i c t i o n .  
Th 
PU 
4,O-Mean Film Heat Transfer Analysis 
Cons ide r   nex t   t he   poss ib i l i t i e s   o f   s imp l i fy ing   t he   ene rgy   equa t ion .  To 
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a v o i d  t h e  n e e d  t o  t r e a t  E q .  ( 4 )  a s  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n ,  one 
c a n  f o r m a l l y  i n t e g r a t e  i t  a c r o s s  t h e  f i l m  a n d  o b t a i n  
h /2   h /2  
To make f u r t h e r  p r o g r e s s ,  " d r a s t i c "  a s s u m p t i o n s  w i l l  now be made t o  f a c i l i t a t e  
t h e   c o m p u t a t i o n   o f   E q .   ( 1 1 ) .   F o r   t h e   l e f t - h a n d   s i d e ,   t h e   a p p r o x i m a t i o n   t o  
be  imposed  amounts t o  r e p l a c i n g  t h e  a v e r a g e  o f  t h e  p r o d u c t  by t h e  p r o d u c t  
o f  t h e  a v e r a g e s :  
S i n c e ,  by d e f i n i t i o n  
h /2  
Eq.   (12)   has   omi t ted  
) ("-" ;> (T - Tm) dy 
-h /2  
f r o m   t h e   r i g h t - h a n d   s i d e .  T h e   c o n d u c t i o n   a n d   d i s s i p a t i o n  terms a l s o  m u s t  
b e   m a n i p u l a t e d   i n t o   m o r e   t r a c t a b l e   f o r m s .  The f i r s t   s t g p   t o w a r d   t h i s   e n d  
i n v o l v e s  t h e  i n t r o d u c t i o n  o f  t h e  c o n d u c t i o n  c o o l i n g  f a c t o r ,  o ,  which i s  
r e q u i r e d  t o  s a t i s f y  t h e  f o l l o w i n g  e q u a t i o n :  
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Eq. (14) can  be  fo rma l ly  in t eg ra t ed  twice: 
K ( l + e R r ) - = - [ q ; +  dT (57 2 
V dY 
where q" i s  t h e  c o n d u c t i o n  h e a t  f l u x  a t  f i l m  c e n t e r ,  and y' i s  t h e  dummy 
v a r i a b l e .  It i s  unde r s tood   t ha t   t he   i n t eg rand  i s  regarded   to   be   dependent  
on t h e  dummy v a r i a b l e .  The   second  in tegra t ion   y ie lds  
0 
Again y" i s  a dummy v a r i a b l e .  The c o n s t a n t s  o f  i n t e g r a t i o n ,  q: and Eo, 
are  de te rmined  by the  boundary  condi t ions  
4 . 1  The Couette  Problem 
B e f o r e  a t t e m p t i n g  t o  c a r r y  t o  t h e  end a p r a c t i c a l  t r e a t m e n t  of the  conduct ion  
a n d  d i s s i p a t i o n  terms, one  can  de r ive  some i n s i g h t  by cons ide r ing  the  
s p e c i a l  c a s e  of  a Couette  problem.  The  system  of  equations  of  relevance  here 
a r e  
7 = Tc 
= T  - 
T+w -w - Tw * 
These,   together   with  p(T)   and  Eqs.  (S), (15)   and  (16) ,   completely  def ine  the 
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I " 
conduct ion-d iss ipa t ion   problem (u 9s r ega rded   t o   be  known). T h i s   s p e c i a l  
c a s e ,  by v i r t u e  o f  symmetry, r e q u i r e s  
* 
q; = 0 ( 1 9 )  
and one  only  needs  to  cons ider  ha l f  o f  the  f i lm,  say  0 < y < h /2 .  The 
c ruc ia l  a s sumpt ion  to  be  in t roduced  i s  the  y-independence  of u. The  dimen- 
s i o n l e s s  v a r i a b l e s  of  t he  p re sen t  p rob lem a re  
vo and po a r e  r e s p e c t i v e l y  t h e c k i n e m a t i c  a n d  d y n a m i c . v i s c o s i t i e s  a t  T . 
0 
The governing equat ions can now b e  r e w r i t t e n  a s  
- V E = 0.4  { ($ - 7) h: (F) - 1 0 . 7  tanh [& ($ - y j  h: (':>I} 
Q(7 = 0 )  = 0 
* S t r i c t l y  s p e a k i n g ,  f o r  t h e  C o u e t t e  p r o b l e m ,  cr shou ld   be   exac t ly   un i ty .  
It i s  given a g e n e r a l  n u m e r i c a l  v a l u e  h e r e  i n  a n t i c i p a t i o n  o f  g e n e r a l i z i n g  
t h e  p r o c e d u r e  t o  i n c l u d e  c o n v e c t i v e  h e a t  t r a n s f e r .  
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e(; = 01 = o 
This  system of equa t ions  can  be  numer i ca l ly  in t eg ra t ed  by t h e  "marching" 
method f o r  e v e r y  s e t  of   input   parameters  (To, o ,  - 0 ) t o  o b t a i n  
Q ( 0  < y < 3 j I n  p a r t i c u l a r ,  o n e  i s  i n t e r e s t e d  i n  
/ h+ oTc2h2 
@To 
P04," 
Q, = - 
oTc2h 
where   subscr ip t  "w" cor re sponds   t o   t he   po in t  = 2. 1 
I n t u i t i v e l y  o n e  may expec t  tha t  reasonable  accuracy  may be  r ea l i zed  by 
assuming a v i s c o s i t y  c o r r e s p o n d i n g  t o  a i t e m p e r a t u r e  somewhere  between T 
and T o .  Fo r   i n s t ance ,   t he   l amina r  f i l m  was f a i r l y  a c c u r a t e l y  c a l c u l a t e d  
by e v a l u a t i n g  v i s c o s i t y  a t  Tm [ 6 ] .  However, w i t h  t h e  p o s s i b i l i t y  of  
t u r b u l e n c e ,  p a r t i c u l a r l y  i n  v i e w  of t h e  r a t h e r  l a r g e  P r a n d t l  number of t y p i c a l  
l u b r i c a t i n g  o i l s ,  i t  i s  deemed wor thwhiae '  to  examine  the  poss ib i l i ty  of  mean 
v i s c o s i t y  a p p r o x i m a t i o n  i n  some detai l .   Suppose  one.   solves   the  above  problem 
once more with  the  isovdscoua  assumption;  i . e .  p = pi i s  y-independent.  The 
s o l u t i o n s . . a r e  
W 
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L e t  b, be chosen such that  
Then p1 and c~ a r e  t h e  e f f e c t i v e  mean v i s c o s i t i e s  f o r  c a l c u l a t i n g  t h e  d i s s i -  
pat ion and conduct ion terms p rope r ly  fo r  t he  Coue t t e  p rob lem.  
2 
To recoun t  t he  Coue t t e  P rob lem,  g iven  the  phys ica l  p rope r t i e s  o f  t he  lub r i -  
can t ,   t he   sys t em i s  s p e c i f i e d  by the  parameters  (To,  ho , C) . The i m -  
p o r t a n t  s o l u t i o n s  a r e  
+ OT 2h2 
POXTO 
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For computat ional  convenience,  the input  parameters  were a l l  r e l a t e d  t o  To. 
(Ti; i = 1 , 2 )  clan be found such that  isomiscous calculat ions based on 
pi  = p(T i )  wou ld  y i e ld  the  co r rec t  va lues  of  d i s s ipa t ion  and  conduc t ion  
h e a t s ;  i . e .  
= -2 q w l l  
T i  - Tw to  be  determined  by (T h 4- orc2h2 
Tm - Tw CIK T 0 
Thus, w e  may r ega rd  
0' 0 ' > .  
4.2 -Typical  Numerical  Resul ts  €or  the Couet te  Problem 
The mean f i lm hea t  t ransfer  ana lys i s  €or  the  Couet te  problem as  governed  
by E q s .  (21  through  28) can be  summarized i n  terms of 
I _  
f o r  a s p e c i f i c  l u b r i c a t i n g  o i l  a s  f u n c t i o n s  of 
Numerical  r e s u l t s  were o b t a i n e d  f o r  (MIL-L-7808 a i l )  i n  t h e  f o l l o w i n g  r a n g e s :  
S i n c e   t h e   l a s t  two p a r a m e t e r s   a r e   r e l a t e d   t h r o u g h   ( T c , p   a n d   h ) ,  i t  i s  u s e f u l  
t o  r e c o g n i z e  t h e  i d e n t i t y  
0'  
F u r t h e r m o r e ,   i n   a c t u a l   p r o b l e m s ,   o n e   a l s o   h a s   p r a c t i c a l   l i m i t a t i o n s  on 
t h e   f i l m   t h i c k n e s s   a n d   s l i d i n g   s p e e d .  The i n t e r r e l a t i o n s  o f  t h e s e  p a r a -  
m e t e r s  a r e  i l l u s t r a t e d  i n  F i g u r e  A-1, based  on t h e  a s s u m p t i o n  of a c o n s t a n t  
t e m p e r a t u r e   ( 2 0 0 ° F ) .   T h e   t e m p e r a t u r e - v i s c o s i t y   r e l a t i o n   o f   t h e   o i l   c o n s i d e r e d  
i s  shown i n  F i g u r e  A-2.  A c o m p o s i t e  p l o t  of t h e  n u m e r i c a l  results found i s  
shown i n   F i g u r e A - 3 w h e r e  (k0) i s  d e f i n e d   a l o n g   t h e   b o r d e r s  of t he   con-  
d i t i o n s  h < 0.5 m i l ,  DN < 120,000 i n - r p m  a s  shown i n  F i g u r e  A - 1  f o r  200 F. 
The  r emarkab le  pa t t e rn  shown i n  F i g u r e  A-3 is t h e  re la t ive  i n s e n s i t i v i t y  t o  




p a r t i c u l a r ,  l a c k  o f  s t r o n g g o  
i n t e r e s t e d  i n  t h e  t e m p e r a t u r e  
m m 
dependence  means,  s o  long  a s  one i s  o n l y  
r a t i o s  
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F i g .  A-1 Map, I l l u s t r a t i n g  t h e  I n t e r r e l a t i o n s  of t he  Isoviscous 
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F i g .  A-2 V i s c o s i t y   V e r s u s   T e m p e r a t u r e  - MIL-L-7808 O i l  ( D i e s t e r   T y p e )  
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Ti - Tw 
Fig .  A-3 '3 Independency Curves at Tc = Z O O O F  ( 9 3 . 4 O C ) ;  
Tm - Tw ' + i = 1 2 Versus g /  (%ma) f o r   V a r i o u s  h . 
0 
t h e  l i m i t i n g  c o n d i t i o n ,  6., 4 0 ,  c a n  b e  u s e d  s a t i s f a c t o r i l y .  I n  o t h e r  words , 
t h e  " l i n e a r i z e d  t e m p e r a t u r e  v i s c o s i t y "  r e l a t i o n  s h o u l d  g i v e  a d e q u a t e  r e s u l t s .  
CJ 
Consequently,  one may convenient ly  use  the  s i n g l e  p a r a m e t e r  r e l a t i o n s  
a s  i l l u s t r a t e d  g r a p h i c a l l y  i n  F i g u r e  A-4,  where  the  recommended e m p i r i c a l  
f o r m u l a e  a r e  a l s o  i n d i c a t e d .  
4 . 3  Pressu re   Grad ien t   E f fec t s  
One.may reasonably  a rgue  tha t  many f e a t u r e s  of the Couette problem should 
r ema in  va l id  even  i f  t he  shea r  s t ress  i n  t h e  f i l m  i s  s i g n i f i c a n t l y  a l t e r e d  
by p r e s s u r e   g r a d i e n t s ;  i . e . ,  even i f  h o p  . It i s  d e s i r a b l e   t h a t  
computa t iona l  procedurew can  be  deve loped  to  u t i l i ze  as  much a s  p o s s i b l e  
the   r e l a t ive ly   s imp le   ana lys i s   o f   t he   Coue t t e   p rob lem.  The va lue   o f  t h i s  
approach depends on i f  r e a s o n a b l e  u n i v e r s a l  f u n c t i o n s  c a n  b e  e s t a b l i s h e d  
I I + !  
.. 
and i f   t h e   d e t e r m i n a t i o n   o f  Ti - Tw i s  b o t h   c o n v e n i e n t   a n d   r e l i a b l e .   I n  
T, - Tw 
t h i s  w o r k ,  t h e  a n a l y t i c a l  d e r i v a t i o n s  w i l l  s t r e s s  p l a u s i b i l i t y ,  r i g o r  w i l l  
b e  fo r saken  in  o rde r  t o  ach ieve  computa t iona l  ea se .  
Hav ing  accep ted  th i s  u t i l i t a r i an  ph i losophy ,  one  can  p roceed  to  deve lop  
the  required  computat ion  procedure.   These  quest ions  can  be  answered by  a
ca re fu l  s c ru t iny  o f  Equa t ions  (15,16,  and 1 7 )  under   the   fo l lowing   condi -  
t ions : 
T+w -w - Tw 














8, = B + ht+ [Cl + ht* (C2 + h+C3)] 
h'. $6 m s  h's 220 h'2220 
B = 1.0 B = 1.05 B = 0.286 
CI=C2=C3=0 CI = - l.34E - 2  CI= - l.59E-4 
C2~8.13E-5 C2=C3= 0 
C3= - l.68E - 7 
B2= B + h+n [Cl+ h+* (C2+  h+C3)] 
h+< lJ700<h+c 40 h+>40 
B = 1.0 B = 1.01 B = 0.755 
CI =c2=c3=0 CI -6.75E-3 CI=-5.OE-5 
C2=-1.17E-4 C2=C3=0 
C3= 3.14E-6 
Fig. A - 4 .  Temperature  Ratios  Versus - , and  Recommended  Empirical  Formulae 
1 ," 1JF 
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I 
T h e  m a j o r  i s s u e  h e r e  c o n c e r n s  t h e  s i g n i f i c a n c e  o f  ( 
' 
&L &) o n   t h e   t o t a l  
I ax  ' 32 
c o n d u c t i o n  f l u x  
and  the  mean f i l m  t e m p e r a t u r e  ( a f t e r  some man ipu€a t ion )  
where,  
J -h /2  (1 + - 8 P r )  
V 
C o n s i d e r   t h a t  
Fe  and Fo a r e   r e s p e c t i v e l y   e v e n   a n d   o d d   p a r t s  of  F ( y ) .  Then 
40 
And 
F o r  t h e  l a m i n a r  c a s e ,  - = 0, a s  t h e  t e m p e r a t u r e  t e n d s  t o  b e  h i g h e r  o n  t h e  s i d e  
where T~ and y he a r e  a d d i t i v e ,  t h e  v i s c o s t i y  t h e r e  w o u l d  b e  l o w e r ,  t h e r e f o r e  
t h e  c r o s s - p r o d u c t  term i s  e x p e c t e d  t o  b e  a d d i t i v e  t o  t h e  q u a d r a t i c  terms. 
Fur the rmore ,   skewness   i n  p (due   t o   t empera tu re   change )  f o r  t y p i c a l  o i l s  t e n d s  
t o  i n c r e a s e  t h e  c o e f f i c i e n t .  € o r  t h e  q u a d r a t i c  terms. Thus a r e a s o n a b l y  




Here, ommiss ion  o f  t he  c ros s -p roduc t  t e r m  i s  somewhat  compensated  by  the 
u s e  of a smal le r   denomina- tor ,  p (1 + 5 w h i c h   c o r r e s p o n d s   t o   t h e  
e q u i v a l e n t  C o n e t t e  p r o b l e m  w i t h  
C 1  
I 
r e p l a c i n g  T i n   t h e   i n p u t   p a r a m e t e r   w h i c h   a c c o u n t s   f o r   v i s c o s i t y - t e m p e r a t u r e  
C 
dependence; namely9C 
+ T1f - Tw 
Toge the r   w i th  To, and  ho , c a n  now b e   d t e r m i n e d   f r o m   t h e   p r e -  
v i o u s l y  o u t l i n e d  a n a l y s i s  f o r  t h e  C o u e t t e  p r o b l e m ,  a n d  t h e  d i s s i p a t i o n  term 
I n  E q u a t i o n  ( 1 1 )  c a n  b e  c a l c u l a t e d  a s  
Tm - TW 
where , 
2 2  
+ oTcl h 
a r e   u n i v e r s a l   f u n c t i o n s   o f  (T . h . 
~ ~~~ ~~ - ~ ~ 
'' Use Of 7 i n s t e a d   o f  7 i s  t o   a c c o u n t   f o r   a d d i t i o n a l   h e a t i n g   d u e  t o  C '  C 
' T h e   t u r b u l e n c e   p a r a m e t e r ,  h , i s  s t i l l  based  on T~ Thus ,  
o n e  m a i n t a i n s  s e p a r a t i o n  b e t w e e n  h e a t i n g  a n d  t u r b u l e n c e  i n p u t  p a r a m e t e r s .  
The s u b t l e  merit o f  t h i s  f i n e  p o i n t  w i l l  become e v i d e n t  when t h e  momentum 
problem i s  c o n s i d e r e d .  
+ 
(ox 32 0 
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term i n   E q u a t i o n   ( 1 1 )   c a n   b e   c a l c u d a t e d   a s  
i; (Tm - Tw> rc (45 1 
where 
, 1 / 2  - 2  - y dy 
0 (1 + ") v 2 '  
( G ~ ~  G 2 ,  H1, H ) a r e  u n i v e r s a l  f u n c t i o n s  o f  - 2 
I n  so f a r   a s   t h e   i m p o r t a n t   e f f e c t   o f  ( a_e &) i s  a c c o u n t a b l e  by the  u s e  
o f  a s l i g h t l y  l a r g e r  v a l u e  o f  
a x  a2 
n 
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t o  f i n d  Ti; and i t  h a s  a l r e a d y  b e e n  e s t a b l i s h e d  i n  t h e  p r e c e d i n g  s e c t i o n  
(F igures  A-3 and A - 4 ) ,  t h a t   ( i  = 1,2) are i n s e n s i t i v e   t o  & and   t ha t  
they  may be approximated by the one-parameter ,[ k-y) r e l a t i o n s  w h i c h  
N 
i 0 
are t h e  l i m i t i n g  r e s u l t s  f o r &  -+ 0; i t  
0 
a l l o w a n c e  f o r  p r e s s u r e  g r a d i e n t s  i n  t h e  
i s  t o   r e p l a c e  T - T by i W 
becomes ev iden t  t ha t  an  adequa te  
mean- f i lm  hea t  t r ans fe r  ana lys i s ,  
\ I 
F o r  f l u i d  f i l m s  w i t h  p r e s s u r e  g r a d i e n t s  
Ti 
' i n s t e a d  o f  T .  should be used 
1 
i n  t h e  m e a n - f i l m  h e a t  t r a n s f e r  a n a l y s i s .  T h i s  h e u r i s t i c  r u l e  is  obviously 
c o r r e c t   f o r   t h e   l i m i t i n g   c o n d i t i o n  -+ 0; i t  is expected t o  over- 
1 
C 
estimate 1 Ti - T, 1 i n   t h e   o t h e r   e x t r e m e  - hVp + m a  
t 
C 
5.0 Coupling  with  the Momentum Problem 
Obviously, i t  is  also advantageous to develop a mean v i s c o s i t y  momentum 
a n a l y s i s .  The corresponding  Couet te  problem i s  
Nondimensionalizing,  define 
Then, 
wi th  the  boundary  condi t ion  
U(Y=O) = 0 
44 
should  be  solved  simultaneously  with  the  temperature  problem,  Equation  (21).  
No t ing  the  iden t i ca l  ma themat i ca l  p rope r t i e s  of  u and Q ,  one concludes that  
- 
More: s p e c i f i c a l l y ,  
The equ iva len t  i sov i scous  momentum problem i s  t h e r e f o r e  t h e  same a s  t h e  
equiua len t   i soviscous   d i ss ipa t ion   problem.   Consequent ly ,  i s  a l s o  t h e  
mean tempera ture   for  momentum a n a l y s i s .  A l l  r e l e v a n t  q u a n t i t i e s  (Gx ,  G,, 
P iv  v1 
of G1 z G, = cIv and G2 -GZ have  already  been  computed [ 4 ] .  To c o n s o l i d a t e  
symbols , (GT,  G,) w i l l  be used from now on.  
Ti 
- TCh ) a r e  t o  be  determined  as   funct ions  of  7 Vh . I n   f a c t ,   i s o v i s c o u $   r e s u l t s  
TCh  
6 .0  Summary 
I n  summary, t he  gove rn ing  equa t ions  cons i s t  o f  
ah + d i v  (d h )  = 0 a t  m (53) 
(54) 
45 
T h e r e  a r e  f i v e  u n i v e r s a l  f u n c t i o n s  i n  a b o v e  e q u a t i o n s ,  r e p r e s e n t i n g  
v e l o c i t y  and  tempera ture  shape  fac tors  in f luenc ing  var ious  terms. 
Three of  these are dependent on the "Couette" Reynolds number,  Uli/v, 
on ly ;   t he   o the r  two a l s o  depend  on  the  Prandtl   number,  pCP/". S u b s c r i p t s  
" T i f f '  i t i d i c a t e  t h e  e f f e c t i v e  mean temperature  a t  w h i c h  t h e  v i s c o s i t y  
c o e f f i c i e n t  i s  eva lua ted .   Fo r   t he   l amina r   f i lm ,   t he   un ive r sa l   func t ions  
a r e  known e x p l i c i t l y  
G, = 1 
1 
12 Gx = GZ = Hl = 
" 
1 
H2 - 240 
7 
J 
Note t h a t ,  f o r  t h e  l a m i n a r  f i l m ,  P r a n d t l  number dependence  of ( H l ,  H z )  
d i s a p p e a r s .   T r a n s i t i o n   t o   t u r b u l e n c e  may be   de te rmined   accord ing   to   the  
empir ica l   approach   descr ibed   in   Sec t ion  3 .  S p e c i f i c a l l y ,   a s s u m i n g   t h a t  
t r a n s i t i o n  t o  tu rbulence  and  fu l ly  deve loped  turbulence  respec t ive ly  take  
p l a c e  a t  Rcr = 700 and Rf = 1400 ,  t he  un ive r sa l  func t ions  (G,, Gx,  Gz)  
a r e  g r a p h i c a l l y  shown i n  t h e  r a n g e s  500 < Uh/w < 1,500 and('1000 < Uh/v 
r e s p e c t i v e l y  i n  F i g u r e s  A-5 ( a  and  b ) .  Shown i n  F i g u r e  A-6 is t h e  f u n c t i o n  
which i s  e s s e n t i a l l y  c o n s t r u c t e d  f r o m  t h e  r e l a t i o n s  o f  f and G, v s .  - - Uh v y  
t h i s   f u n c t i o n   h a s  a s p e c i a l   r o l e  when t h e  T r e l a t e d   u n i v e r s a l   f u n c t i o n s  
a r e   s o u g h t .   T h i s   p o i n t ( l w i l 1   b e   e l u c i d a t e d   f u r t h e r   l a t e r .  Two o t h e r  
u n i v e r s a l  f u n c t i o n s ,  (HI ,  H 2 ) ,  a r e  P r a n d t l  number d e p e n d e n t  i n  a d d i t i o n  t o  
being  Reynolds number dependen t .   Fo r   t he   o i l   o f   immedia t e   i n t e re s t ,  
t h e  p e r t i n e n t  n u m e r i c a l  r e s u l t s  a r e  shown i n  F i g u r e s  A-7 (a and b ) .  To u s e  
t h e s e  u n i v e r s a l  r e l a t i o n s ,  t h e  e f f e c t i v e  f i l m  t e m p e r a t u r e s  a r e  t o  b e  
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Fig.  A-7a Universal  Functions  for  Transition  Region  (700 - ’: < 1400) 









9 are f u n c t i o n s  of -, 11 
i v P 
- C as shown g r a p h i c a l l y  .in F i g u r e  A - 4 .  
i 
E q u a t i o n s  (53) and ( 5 4 )  are t o  b e  s o l v e d  w i t h  a p p r o p r i a t e  b o u n d a r y  
c o n d i t i o n s   r e l a t e d   t o   p r e s s u r e   a n d  or  f low.  Equa t ion  (55) needs   an  
i n i t i a l  c o n d i t i o n  f o r  a l l  p o i n t s  i n  t h e  b e a r i n g  f i l m  as w e l l  as i n -  
l e t  v a l u e s  a t  b o u n d a r y  e n t r y  p o i n t s  ( t h e  i n i t i a l  c o n d i t i o n  is  o b v i o u s l y  
n o t   n e e d e d   f o r   t h e   s t e a d y - s t a t e   p r o b l e m ) .  For t h e   s t e a d y - s t a t e   p r o b l e m ,  
a n  i t e ra t ive  p r o c e d u r e  may b e  a p p l i e d  t o  c o n v e r g e  on t h e  d e s i r e d  s o l u t i o n .  
In t h e  i n i t i a l  t r i a l ,  t h e  i s o t h e r m a l  c o n d i t i o n  may be  imposed:  
T = T1 = T2 = T . U s i n g   t h e   c o r r e s p o n d i n g   v i s c o s i t y ,  Uh/v is f i x e d ,  
and a l l  u n i v e r s a l   f u n c t i o n s  ( G  Gx, G Z ;  H1, H z )  c a n   b e   a c c o r d i n g l y  
d e t e r m i n e d ;  t h e n  t h e  s y s t e m  o f  e q u a t i o n s  are s o l v e d  t o  d e t e r m i n e  ( p ,  Tm) 
a t  a l l  f i e l d   p o i n t s .   U s i n g   t h e   p r e v i o u s   v a l u e   o f  T as a n   i n p u t ,  







on T and T Subsequen t ly ,  ' c a n   b e   r e c a l u c l a t e d  1 2 .  
t o  p r e p a r e  f o r  t h e  n e x t  r o u n d  of i t e r a t i o n .  T h e   p r o p e r   p r o c e d u r e   f o r  
f i n d i n g  (GT, GZ; H1, H ) ' i s  s o m e w h a t   s u b t l e .   F i r s t ,   ( f ,  T ~ )  are 
de termined   f rom v - t hen ,   w i th  v 4 v' fr 1 '  2 '  is c a l c u l a t e d ,  T2 1 1 C 
V 2 P 
which i n  t u r n  w i l l  y i e l d  a v a l u e  o f  Uh/v a c c o r d i n g  t o  F i g u r e  A-6. The 
l a t t e r  i s  t h e n  u s e d  t o  d e t e r m i n e  ( G  T, G Z ;  ,H1, Hz) w i t h  F i g u r e s  A-5 
and A-7. N o t e   t h a t  Uh/v i s  r e l a t e d   t o  T, on ly  i n d i r e c t l y   t h r o u g h  
L. 
. The   improved   un ive r sa l   func t ions   p rov ide  a more a c c u r a t e  
b a s i s  f o r  t h e  c a l c u l a t i o n  of  (p ,   Tm) ,   and   the  successive i t e r a t i o n s  
c a n  b e  c o n t i n u e d  u n t i l  s u f f i c i e n t  c o n v e r g e n c e  o f  t h e  d e s i r e d  r e s u l t s  
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TURBULENT FILM "WHIPPLE"  THEORY WITH TEMPERATURE  DEPENDENT VISCOSITY 
1.0  Review o f   T h i n   F i l m   T h e o r y  
The a n a l y s i s  o f  an i n c o m p r e s s i b l e  t u r b u l e n t  f i l m  w i t h  t e m p e r a t u r e  d e p e n d e n t  v i s -  
c o s i t y  was given i n  [l]. The s y s t e m  o f  g o v e r n i n g   e q u a t i o n s  .is summarized  below: 
* 
d i v  (Zmh) + = 0 a t  
Gx and G Z  a r e  known f u n c t i o n s  o f  Vh/u [2];  when v i s  e v a l u a t e d  a t  t e m p e r a t u r e  T 
t h e y   a r e   d e s i g n a t e d  as  G . and G p i  i s  p ( T i ) .   S e n s i t i v i t y   t o   t e m p e r a t u r e  i s  
e x h i b i t e d  by h a v i n g   t o   i d e n t i f y   T i .   L a m i n a r - t u r b u l e n t   t r a n s i t i o n  i s  governed   by  
t h e   n u m e r i c a l   v a l u e   o f   U h / u ,  [1 ,3 ] :  
i' 
x1 z i  
Uh/v f .= Y / U  
The  mean f i l m  t e m p e r a t u r e  i s  gove rned   by  [l]: 
'kBracketed  numbers refer  t o  i d e n t i c a l l y  n u m b e r e d  regerences a t  t h e  e n d  o f  t h i s  
Appendix.  
55 
Formulae   for   ca lcu la t ing  q and (p a r e  
W 
where 
T and T a r e   r e s p e c t i v e l y   w a l l  and  mean-film  temperatures.  T .  a r e   e s t a b l i s h e d  
accord ing  to  an  "exac t"  ana lys i s  of  the  Couet te  problem to  render  the  appropr ia te  
va lues  o f  t he  d i s s ipa t ion  hea t  and  the  Nusse l t  number,  and a r e  known numerical ly  
i n  t h e  form 
W m 1 
2 2  
bA Oh Th which  depends  on three  parameters (T - -) f o r  t h e  p a r t i c u l a r  l u b -  




r i c a n t  . T 2  is  h 
Numerical  resul ts ,  however ,  show t h a t  it i s  q u i t e  s a t i s f a c t o r y  t o  r e p r e s e n t  
Ti - Tw 7 2  
= (,I oi ("1 Tm - Tw 
C v1 
h vh 
which a r e  more conven ien t  t o  use .  Graph ica l  r e su l t s  o f  va r ious  un ive r sa l  
f u n c t i o n s ,  (GT, Gx,  GZ; H1, H 2 ) ,  a r e  r e f e r r e d  t o  [I]. 
2 . 0  Natura l   Coordina tes  
The geomet r i ca l  pa t t e rn  o f  t he  sp i r a l  g rooves  on  a th rus t  bea r ing  i s  g iven  by t h e  
equat ion 
@g 0 1 
= e + w t + c t n p   I n  ( r / ro)  + (m-1) A@ (14) 
which r e l a t e s  t h e  i n s t a n t a n e o u s  a n g u l a r  c o o r d i n a t e  of  t h e  a f t - s i d e  o f  t h e  mth 
r i -dge   w i th   t he   r ad ia l   coo rd ina te .  It i s  n a t u r a l  t o  i n v e s t i g a t e  t h e  p r e s s u r e  and 
tempera ture  f ie lds  wi th  the  angular  coord ina te  measured  f rom 0 , i . e .  
g 
The coord ina te   sys tem (r,s) i s  skewed, a s  i l l u s t r a t e d  i n  F i g .  B-1. F i g .  B-2 d e p i c t s  
a t y p i c a l  c o n f i g u r a t i o n  and def ines   the  choosen  geometr ical   convent ians . .  The 







- 9  
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N o t e  t h a t  a time independent  sys tem in  (r,s) would not  be time independen t  i n  
( rye )  when the   g rooved   su r f ace  i s  r o t a t i n g ,  w1 0 .  A l s o ,   t h e   c i r c u m f e r e n t i a l  
v e l o c i t y  i n  t h e  ( r , g )  system i s  U - w r .  1 
I n  t h e  ( r , S )  Fys tem,  the  d ivergence  opera t ion  i s  most n a t u r a l l y  e x p r e s s e d  a s  
(Ary AL) a r e  components o f  the  Vector  i, A be ing  the  rad ia l  component ,  and  Al 
be ing  tha t  pe rpend icu la r  t o  the  dPrec t ion  of  5 = c o n s t a n t .  The mean v e l o c i t y  
vec to r   acco rd ing ly  would  have  the  following  components: 
r 
m 
U = U s i n e  - W cosg l m  m m 
The f i r s t  t e r m  i n  t h e  r i g h t  hand s i d e  o f  Eq. (1) can  now be  wr i t t en  ou t  a6  
3 . O  Narrow Groove Approximations 
The temperature  dependent  Whipple  thrust  bear ing problem has been considered for  the 
laminar   case   in   the   absence  of  groove-wise  thermal  gradient [ 6 ] .  The o b j e c t i v e s  of 
t h e  p r e s e n t  a n a l y s i s  i n c l u d e  a d d i t i o n a l  c o n s i d e r a t i o n s  o f  turbulence and grooveFwise 








I DIMENSIONLESS GROOVE PARAMETERS I 
I WIDTH FRACTION I a I 
I SPIRAL ANGLE I I 
Fig.  E-2 S p i r a l  Groove Configuration  and  Macroscopic  Control Volume 
f o r  t h e  e n e r g y  e q u a t i o n  i n  a manner s imi l a r  t o  Whipp le ' s  t r ea tmen t  of t h e  p r e s s u r e  
equation.. 
The b a s i c  premise of  the narrow-groove approximation i s  t o  r e g o g n i z e  d i f f e r e n t  
n a ; t u r a l  s c a l e s  i n  t h e  (r,x) system [ 4 ]  €or  the  pressure  induced  f lux  components .  
Thus,  Eqs. (18) and (20) can  be  expres sed  a s  
2 - (a2 - al)r h - 
LQL + 2 'yI = r UJmh = J s i n $  
where 
Rewriting Eq. (21 )  with  above  expressions,   one  obtains  
c) 
The f i n e  s c a l e  o f  t h e  m i c r o s t r u c t u r e  i s  pred ica ted  by t h e  term ah/ag :  in  the  above  
equat ion .   Therefore   the   p roper ly   sca led   d imens iondess   coord ina tes   a re  
6 = ln- r r 
0 
5 7 = n e  
and Eq. (25) can be more mean ingfu l ly  r ewr i t t en  a s  
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Thus ,  t he  gove rn ing  d i f f e ren t i a l  equa t ion  becomes 
Mathematical  formalism of the narrow-groove approximation involves lett ing A@-0 
while  assuming  boundedness  of + r2 &) i n  Eq. (28).  Consequently ac a t  
2 
(a2 - w )r h 
QL+ 2 = cscg YL 3 
1 
where  YYLdepends  only on the   macros t ruc tu re   coo rd ina te s  (6.5) which  are   regarded 
a s  I n v a r i a n t s  i n  t h e  m a c r o s t r u c t u r e  p r o b l e m  o f  c o n c e r n  h e r e .  
The macros t ruc ture  problem can  be  t rea ted  by r e v e r t i n g  b a c k  t o  t h e  c o a r s e - s c a l e  
coord ina te s  ( c , ~ )  and  averaging over one f u l l  p e r i o d  o f  t h e  f i n e  s c a l e ,  ne, t h e  
dependen t   va r i ab le s .   Be fo re   unde r t ak ing   t h i s  s t e p ,  i t  i s  u s e f u l   t o   o b s e r v e   t h a t  
the  macrostructure   problem i s  more na tu ra l ly  desc r ibed  in  the  ea r th -bound  o r thog-  
ona l   coord ina te   sys tem ( r y e )  II The t ransformation  f rom ( 6 , s )  b a c k  t o  ( r y e )  i s  t h e  









Rewri t ing E q .  (28) in   coarse-sca le ,   ea r th-bound,   o r thogonal   coord ina tes ,  
Averaging over one groove-ridge pair ,  
where , 
The m a c r o s t r u c t u r e   a n d   m i c r o s t r u c t u r e s   a r e   f u r t h e r   r e l a t e d   t o   o n e   a n o t h e r  by 
t h e  f o l l o w i n g  r e l a t i o n s :  
- 
Since  p depends  only on c o a r s e - s c a l e  c o o r d i n a t e s ,  E q .  (36 )  ind ica t e s  t ha t  ae 
shou ld  be  t r ea t ed  a s  an  inva r i an t  i n  the  mic ro - s t ruc tu re  p rob lem.  
36 
Retu rn ing   t o   t he   mic ros t ruc tu re   p rob lem,  E q .  (23)  can   be   in tegra ted   wi th   respec t  
t o  7 w i t h  t h e  a i d  of Eq. (22),  keeping  in  mind t h a t  y and he shou ld  be  t r ea t ed  
i n v a r i a n t s ,  
1 ac 
1 -(a2 - ul)r 2 
P = i + A9l,  {pl L - cscg 3 yL J 1 + c t n g   d l
2h2 h (Gxl+GZlc t n  2 p)  
a s  
(37)  
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Use of  as   the   lower  limit i n t e g r a t i o n   c o n s t a n t   i d e n t i f i e s   t h e   m a c r o p r e s s u r e  
f i e l d  w i t h  t h e  p r e s s u r e  a t  t h e  a f t - s i d e  o f  e a c h  r i d g e .  L i n k s  b e t w e e n  m i c r o -  a n d  
macros t ruc tu res   acco rd ing   t o  E q .  ( 3 4 )  a r e  
A l s o ,  from E q .  (30)  one   ob ta ins  
Summarizing,  one may out l ine  the  conceptua l  computa t ion  procedure  of the narrow- 
groove  approximat ion  to  cons is t  o f  th ree  s teps :  
b Given  macros t ruc ture   var iab les  (Q ,Q ), one   seeks   the   micro-s t ruc ture  
- -  
0 r  
s o l u t i o n .  E q .  ( 4 0 )  can   be   u sed   t o   f i nd  Y immediately.  Next , he can  be 
found  be  l ininat ing  and Q, between E q s .  ( 2 2 ) ,   ( 2 3 ) ,  ( 2 4 ) ,  then   in -  
tegra t ing  across ,over  one  groove- r idge  wid th ,and  us ing  symbols  cons is ten t  




Subsequently,  Eq. (37 )  can  be  used  to  ca l cu la t e  p .  
Eq. (33 )  c a n  b e  i n t e g r a t e d  t o  y i e l d  (0 0 ) a t  new c o a r s e - s c a l e  l o c a t i o n s .  
0 Eqs. ( 3 5 )  and  (36) now p e r m i t  calcudAtion of p a t  new c o a r s e - s c a l e  l o c a t i o n s .  
8' r - 
3.1  Pressure  Problem 
The isoviscous  turbulent   Whipple   problem  has   been  considered [7 ] .  The p r e s s u r e  
f i e l d   c a n   b e   r e g a r d e d   t o   d i s p l a y  a f i n e  s t r u c t u r e  ( p  p ), r e p r e s e n t i n g   f l u c t u a -  
t i on  co r re spond ing  to  the  p re sence  of grooves,  and a c o a r s e  s t r u c t u r e ,  p ,  r e f l e c t i n g  
the  macroscopic   group-act ion of g roove - r idge   pa i r s .  With t u r b u l e n c e ,   t h e   f i n e  
s t r u c t u r e  would  epend  on the   loca l   Reynolds  numbers ( , -), where U =[u -u Ir. 
Temperature  dependence of  viscosi ty  fur ther  requires  the Reynolds  number t o  b e  
s p a t i a l l y  v a r y i n g  e v e n  i n  t h e  f i n e  s c a l e .  The a p p r o p r i a t e  r e l a t i o n s  w i l l  be 
d e v e l o p e d  w i t h  t h e  l a t t e r  f e a t u r e .  
g =  - 
"n m1r 
V V 2 1  
3 . 2  Temperature  Problem 
To a l low fo r  t he  in f luence  o f  t empera tu re  on  v i scos i ty ,  t he  t empera tu re  p rob lem 
must  be t reated  again  with  both  micro-   and  macrostructure   view  points .  The 
p r i n c i p a l  o b j e c t i v e  i s  t o  d e t e r m i n e  t h e  d i s t r i b u t i o n  of p ,  a6 a func t ion  o f  t he  
f i n e - s c a l e  c o o r d i n a t e ,  v y  a t  e a c h  c o a r s e - s c a l e  l o c a t i o n  ( r y e ) .  
3 . 2 . 1  The General  Narrow-Groove  Approximation 
The essence of the narrow-groove approximarion in the temperature problem i s  
t o  neg lec t  t he  t r ans i en t  en tha lpy  change  in  compar i son  wi th  the  convec t ive  
e n t h a l p y   t r a n s f e r   i n   t h e   m i c r o s t r u c t u r e ;  i.&. 
To emphas ize   the   quas i - s ta t ic   assumpt ion ,   in   p lace   o f   Eq .  ( 4 ) ,  the   governing 
equa t ion  fo r  t he  f ine  s t ruc tu re  t empera tu re  p rob lem can  be  r ewr i t t en  a s  
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Now, s i n c e  t h e  c o n v e c t i v e  d e r i v a t i v e  c a n  b e  s p a t i a l l y  i n t e g r a t e d  a l o n g  t h e  
f l u x  l i n e  a s  a t o t a l  d i f f e r e n t i a l ,  a n d ,  i n  p a r t i c u l a r ,  o n e  h a s  
where  ds i s  a d i s t ance  e l emen t  a long  the  f lux  l i ne  and  (dn , d r )  a r e  i t s  pro- 
j e c t i o n s , r e s p e c t i v e l y ,  on a l i n e  n o r m a l  t o  t h e  g r o o v e  s i d e s ,  and  on a r a d i a l  
l i n e ,  t h e n  t h e  c o n v e c t i v e  d e r i v a t i v e  c a n  b e  e x p r e s s e d  a s  
S 




'1s + ds 
Geomet r i ca l  i n t e rp re t a t ions  o f  t hese  concep t s  a re  shown i n  F i g .  B-3. The advan- 
t a g e  of  e x p r e s s i n g  t h e  c o n v e c t i v e  d e r i v a t i v e  a l o n g  '$ i s  i n  i t s  inva r i ance  
in   t he   mic ros t ruc tu re   p rob lem.  Thus Eq. ( 4 3 )  c a n   b e   r e w r i t t e n   a s  
I 
d (=+ N) (T - T ) @ m W 
where, 
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Fig .  B-3 Streamline and Convective  Path 
The l ink  between  micro-   and  macrostructures   of   the   temperature  i s  provided by 
the  r e l a t ion  be tween  the  inc remen t  o f  T a n d  t h e  f l u x  t r a j e c t o r y  s p a n n i n g  t h e  m 
width  of  one  groove-ridge  pair .  The increment  of Tm i s  
The co r re spond ing  r ad ia l  d i s t ance  t r ave r sed  by t h e  f l u x  l i n e  segment i s ,  on 
account o f  Eq. (45 )  









t r u c t u r e  t e m p e r a t u r e  c o n v e c t i o n  d e r i v a t i v e  c a n  b e  d e f i n e d  a s  
El imina t ing  Y by  means of  Eq. (52)  L 
and s ince  Ar  may be  regarded  as  in f in i tes imal  in  the  macros t ruc ture  problem,  
68 
one  can  de f ine  
Consequently , 
And the   l ocus  of t he   (macros t ruc tu re )   € lux   t r a j ec to ry  is, r e w r i t i n g  Eq.  (52) , 
d r  
S "r 
dt cscg y 
- = -  
1 
(55) 
Average  each term i n  Eq (4)   over   the  width o f  one   g roove- r idge   pa i r ,   one   ob ta ins  
- 
Y r  aTmo cscg 'YI 1 d y \ + -  -
r ars + 2  5 [N(Tm - Tw) - $ 3  d7 = 0 (56 1 r AB 0 
I n  Eqs - (53), (54) , and  (56), a s u b t l e  d i s t i n c t i o n  between the macrostructure  
p o i n t  of view  and  that  o f  t h e  m i c r o s t r u c t u r e  a p p e a r s  i n  t h e  u s e  o f  t h e  p a r t i a l  
d e r i v a t i v e  symbol for   the   c :onvec t ion  term. Thus, aT /ar should   no t   be   eva l -  
ua t ed  d i r ec t ly  f rom Eq.  (51) 
mo 
There may be  some advan tage  to  compute the  .macros t ruc ture  wi th  the  
d ivergence   formula t ion .   That  i s ,  t h e  l e f t  hand s i d e  o f  Eq. ( 4 )  for   an  incompress-  
i b l e  f l u i d  c a n  b e  r e p l a c e d  by 
Making u s e  of Eq. (17), then  rever t ing  to  the  ear th-bound coord ina te  sys tem,  in-  
s t e a d  of Eq. ( 5 6 ) ,  one can wri te  
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. .. . 
I n  any  case ,  regard less  whether  E q .  (56)  or  (57)  should  be  used ,  the  micro-  
s t r u c t u r e  s o l u t i o n  i s  needed  to  compute E q s .  (51),  (52) ,   (53)   as   wel l   as   var ious  
i n t e g r a l s  i n  Eq I (56)   or  ( 5 7 )  
The m i c r o s t r u c t u r e   s o l u t i o n   a c c o r d i n g   t o  E q .  ( 4 8 )  i s  known in   c losed   form [ 8 ] :  
- 
T - Tw = exp [ -  \Nd'Q] L (Tm - T,) + Nd'Q} 13 d'Q] 
- 
m 
It i s  unde r s tood   t ha t   a l l   ower  limits o f   i n t e g r a t i o n   a r e   a t  V=O. i s  t h e  
v a l u e  of T a t  'Q=O. It i s  i m p o r t a n t   t o   r e c a l l   t h a t  E q .  ( 5 8 )   d e s c r i b e s   t h e   f l u i d  
f i lm tempera ture  a long  a f l u x  l i n e  which s t a r t s  f r o m  (r ,c) and a r r i v e s  a t  a 
c o x g r u e n t  g r o o v e  l i n e  a t  (r + Ar ,  g + AB) with (Ar,Ae) r e l a t e d  t o  e a c h  o t h e r  
by E q .  (52 ) .   In   gene ra l ,  E q .  (58) i s  a n   i n i t i a l - v a l u e   t y p e   s o l u t i o n ,   r e n d e r i n g  
m 
m 
Dependence of  t h i s  e x p r e s s i o n  on ?, shows up n o t  o n l y  e x p l i c i t l y  i n  (? - Tw), 
b u t  a l s o  i m p l i c i t l y  i n  N and Q .  C a l c u l a t i n g  Tm accord ing   t o  E q .  (59 )   ac ross   t he  
width o f  one  groove- r idge  pa i r ,  one  obta ins  
- m 
According  to   the  narrow-groove  approximation,  E q s .  (52)  and  (60)  yield 
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Eq. (48 )  c a n  b e  f o r m a l l y  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  r ( cons t an t  5 o r  7 )  
t h e n  i n t e g r a t e d  w i t h  respect t o  7 t o  o b t a i n  
Consequently,  one  can  compute 
- 
An anomaly o f  E q .  (63) ex i s t s  a t  t h e  c o n d i t i o n  o f  'Yr = 0 ,  when t h e  a v e r a g e  r a d i a l  
c o n v e c t i v e   f l u x   v a n i s h e s .   P h y s i c a l l y ,   t h i s  means t h e   i n i t i a l   t e m p e r a t u r e  ? can 
no longe r   be   s epa ra t e ly   spec i f i ed .   In s t ead  T must  be t o t a l l y   p e r i o d i c ,  s o  t h a t  





3 . 2 . 2  The Thrust  Bearing  Problem 
The thrus t  bear ing  problem imposes  ro ta t iona l  symmetry  on t h e  m a c r o s t r u c t u r e  
a n d   p e r i o d i c i t y   i n   t h e   m i c r o s t r u c t u r e  The l a t t e r ,   b e c a u s e  of  t he   convec t ive  
c h a r a c t e r  of the  governing  equation,  however,  i s  i m p l i c i t  and i s  d isp layed  
p r i m a r i l y  i n  t h e  8-  independence  of 6 r y  00, 6 ,  Yiy and i .  The s ing le  excep t ion  
i n  t h e  c a s e  o f  \y =O has  a l ready  been  d iscussed .  Here .mic rope r iod ic i ty  must 
be  imposed  even when t h r e  i s  0-dependence i n  t h e  m a c r o s t r u c t u r e .  
r 
The micros t ruc ture   p roblem i s  s t i l l  governed  by  Eqs.  (59) , ( 6 0 ) ,   ( 6 1 )  (62) 
( 6 3 ) ,  and ( 6 4 )  I The macrostructure  problem. i s  now reduced   t o  
From E q s .  ( 4 8 ) ,  (51) ,  (52) ,   and  (53) ,  
r d r  
S 
= - D ( r , t )  
T h i s   r e l a t i o n   s i m p l i f i e s  Eq. ( 6 5 )  somewhat.  The genera l   p roblem  requi res  
s p e c i f i c a t i o n  of t h e .   i n i t i a l   c o n d i t i o n  
- 
Tm = ( r ,  t = 0 )  
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and the  in f lux  boundary  cond i t ion  
Tm (ri, t 7 01 
( i f  Gr  $: 0 ) .  I f  'yr = 0, because A? = 0, D = 0 .  m 
The  p rocedure  to  so lve  the  s t eady- s t a t e  t h rus t  bea r ing  p rob lem can  be  fu r the r  
examined i n  some d e t a i l s .   S u b s t i t u t i n g  Eq.  (66)  into Eq. (65) and  dropping 
the t ime-dependent  term, 
- 
Star t ing  wi th  the  inf lux  boundary  condi t ion  Tm(r i ) ,  Eq .  (59) can  be  ca l cu la t ed .  
Subsequen t ly ,   u t i l i z ing   Eqs .   (60 ) ,   (61 ) ,   (62 ) ,  and  (63) ,   the   quadrature  
can  be  performed a t  r D( r . )   can   a l so   be   ca l cu la t ed   f rom  Eqs .  ( 5 9 )  and (66 ) .  
Eq. (67) can now b e  i n t e g r a t e d  t o  o b t a i w e ( r i  4- Ar)  which  in  turn  de te rmines  
?,(r. + Ak) through Eqs ( 5 9 ) ,  (60) , (61) , (62) ,   (63)  , and (68 ) .  The pro- 
cedure  can  be  cont inued  unt i l  T (r)  a s  well  a s  T ( r i , O  5 7 5 1 )  a r e  d e t e r -  
mined f o r  a l l  r o f   i n t e r e s t .   I f  'yr = 0 ,  then D ( r )  = 0 ,  and A? = 0 .  A 
spec ia l  p rocedure  must  be devised to  calculate  Eq.  (63) .  




3 . 3  Summary of   the   Pressure-Tempera ture   Problem  for   the   S teadyrSta te   Opera t ion   of  
Thrust  Bearinps 
The foregoing  der iva t ions  a re  cbmpr ised  of  the  e lements  requi red  to  inc lude  hea t -  
t r a n s f e r  a n d  t u r b u l e n c e  ( i n c l u d i n g  t r a n s i t i o n  e f f e c t s )  c o n s i d e r a t i o n s  i n t o  t h e  
computation o f  sp i r a l -g rooved  bea r ings  in  a manner c o n s i s t e n t  Q i t h  t h e  n a r r o w  
groove  approximation. The s t e a d y - s t a t e   o p e r a t i o n   o f   t h n u s t   b e a r i n g s  i s  of  
immedia te   in te res t .  To provide   the   bas i s   for   coding   the   requi red   computer   p rogram,  
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t h e  r e l e v a n t  e q u a t i o n s  a r e  r e i t e r a t e d  i n  t h e  f o l l o w i n g .  
Conceptual ly ,  two major s teps  a r e   i n v o l v e d .  The f i r s t  one  concerns  the  s imultaneous 
t r ea tmen t  of pressure  and  temperature   problems.  An i t e r a t i v e  p r o c e s s  w i l l  be 
fo l lowed,   beginning   wi th   an   in i t ia l   p ressure- f low  approximat ion ,   e .g .   the   i so thermal  
solut ion,   the   temperature   problem  would  be  solved  f i rs t .   Then  the  inf luence  of  
temperature  on v i s c o s i t y  would be introduced or  updated to  seek an improved solut ion 
o f  t he  p re s su re  p rob lem,  and  the  i t e r a t ive  p rocess  would  be  cont inued  unt i l  suf f i -  
c i en t   accu racy  i s  r e a l i z e d .   A l t e r n a t e l y ,   o n e  may employ t h e  Newton-method of i t -  
e r a t i o n   t o   s e e k  improved p res su re   and   t empera tu re   f i e lds   s imu l t aneous ly .  The 
s e q u e n t i a l  i t e r a t i o n  scheme i s  selected because of  proven experience of  i t s  v i a b i l i t y .  
The second  major s t e p  involves   the   connec t ion   be tween  the   ,micros t ruc ture   and  
macrostructure   problems.   This  s t e p  would b e   c a r r i e d   o u t   f o r   t h e   t e m p e r a t u r e  and 
p res su re  p rob lems  sepa ra t e ly  fo r  each  s t e p  o f  i t e r a t i o n .  
3 .3 .1  Coordinate  Systems 
The m a c r o s t r u c t u r e s  a r e  d e p i c t e d  i n  terms o f  t he  usua l  cy l ind r i ca l  sys t em 
( r y e ) .  I n   t h e   s t e a d y - s t a t e   p r o b l e m ,   o n e   c a n   a f f i x   t h e   c o o r d i n a t e s   t o   t h e  
g r o o v e d   s u r h a c e .   A c c o r d i n g l y ,   t h e   r e l a t i v e   r o t a t i o n  w = w - w i s  o f   i n t e r e s t  
on ly .  The r a d i u s  may be  normalized by the   ou te r   r ad ius   o f   t he   t h rus t   bea r ing :  
2 1 
- 
The ( r y e )  s y s t e m  i s  or thogonal   and  coarse   scaled;  i . e .  i t  has  on ly  the  capab i l -  
i t y  of r e f e r r i n g  t o  t h e  s p a t i a l  a v e r a g e s  o f  v a r i o u s  q u a n t i t i e s  o v e r  a mul t i -  
p l i c i t y   o f   g r o o v e s .   F u r t h e r m o r e ,   f o r   t h e   t h r u s t   b e a r i n g   w i t h  a p a r a l l e l  f i l m ,  
r o t a t i o n a l  symmetry p r e v a i l s   i n   t h e   m a c r o s t r u c t u r e ; :  i . e .  
f o r  a l l  F r e p r e s e n t i n g  a groove-wise averaged quant i ty .  
The m i c r o s t r u c t u r e s  a r e  d e p i c t e d  i n  terms of  skewed o r  s p i r a l e d  c o o r d i n a t e  
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system (r,{), where 5 i s  the angular  coordinate  measured from the af t -s ide 
of the  nea res t  r i gge .  Gene ra l ly ,  one  i s  o n l y  i n t e r e s t e d  i n  t h e  r a n g e  
which i s  the  angular   span of  one  groove- r idge  pa i r .  The r ad ius  can  aga in  be  
normalized by t h e  o u t e r  r a d i u s :  
Symbolic   dis t inct ion  between E q s .  (69) and (72)  i s  i n t e n d e d  t o  d i s t i n g u i s h  
t h e  skewed system, (6,5), from  the  orthogonal  system, (;,e). It i s  a l s o  
n a t u r a l  t o  " s t r e t c h "  < t o  s t u d y  t h e  m i c r o s t r u c t u r e '  w i t h  a f i n e  s c a l e :  
which i s  the   p r inc ipa l   independent   var iab le   (of   the   micros t ruc ture   p roblem) .  
3 . 3 . 2  Dependent  Variables 
The pressure f i e l d  p can  be  regarded  to  cons ia t  o f  the  macros t ruc ture  
P ( 3  
which may be regarded a s  t h e  p r e s s u r e  a t  t h e  a f t - s i d e  o f  a f idge,  which i s  
approximate ly   loca ted   a t  (;), t h e  m i c r o s t r u c t u r e  
(74 )  
which i s  t h e  d e t a i l e d  p r e s s u r e  d i s t r i b u t i o n  w i t h i n  t h e  w i d t h  o f  a groove-r idge 
p a i r   a p p r o x i m a t e l y   l o c a t e d   a t  (;). Note   tha t  (i) a p p e a r s   i n  E q .  (75)  a s  a 
parameter .   The  acthal   spat ia l   coordinate  i s  ( 7 ) .  
The t e m p e r a t u r e   f i e l d  T which i s  t h e  mean f lu id   f i lm   t empera tu re ,   can   be  m' 
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s imi l a r ly  expres sed  in  t e rms  o f  t he  macros t ruc tu re  
which is  the  va lue  of  T a t  t h e  a f t - s i d e  of  a r idge  approx ima te ly  loca t ed  a t  
(;I , and the  micros t ruc ture  
rn 
3.3.3  Pressure  Problem 
The r o t a t i o n a l  symmetry  of t he  th rus t  bea r ing  pe rmi t s  cons ide rab le  s i m p l i -  
f i c a t i o n   i n   t h e   e q u a t i o n s   p r e v i o u s l y   d e r i v e d .   T h a t  i s ,  dropping aF/ae, 
Eq. ( 3 6 )  becomes 
I n  t h e  f i n e  s c a l e ,  r o t a t i o n a l  symmetry i s  r e f l e c t e d  i n  t h e  p e r i o d i c  c o n d i t i o n  
in   the  microstructure .   Thus,   f rom  Eq.   (37)  , 
where, € o r  b r e v i t y ,  i t  has  been  wr i t ten  
G = Gxl  + GZ1 c t n  p i 2 
7 
Rearranging Eq. ( 4 1 )  and  using E q .  (80) , one f inds 
~ ~ ~~~~ 
* T h i s  r e l a t i o n  may be  r e f ined  by a l l o w i n g  f o r  dynamic head 
groove  s ides .  
Posses  across  the  
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And, f i n a l l y ,   t h e   g o v e r n i n g   d . e .   f o r   t h e   m a c r o s t r u c t u r e  i s  ob ta ined  by 
dropping 0- and t- d e r i v a t i v e s  i n  E q .  (33): 
dor 
- =  O r  
d; 
I n  t h e  s e q u e n t i a l  i t e r a t i o n  m e t h o d ,  (p ly  Gxl,  G Zl ) a re  de t e rmined  by the micro-  
s t r u c t u r e  t e m p e r a t u r e  s o l u t i o n  i n  t h e  p r e v i o u s  s t e p ,  a n d  may be regarded as  
func t ions  o f  ll h e r e .  
3.3.4  Temperature  Problem 
In  the  t empera tu re  p rob lem,  v i scous  hea t  d i s s ipa t ion  and  hea t  t r ans fe r  a r e  
both   dependent   on   the   micros t ruc ture   p ressure   g rad ien t   in   the   form 
Thus it i s  necessary  t o  h a v e  t h e  e x p l i c i t  e x p r e s s i o n  f o r  3p'/aT, which  can 
be  obtained by r ea r r ang ing  E q s .  (22 )  and (23) :  
These  r e l a t ions  toge the r  w i th  the  p rocedures  ou t l ined  in  [l] w i l l  p e r m i t  compu- 
t a t i o n s  of (vi,GTi,HTiyHpi,Fpi) f o r  (i = 1 ~ 2 )  accord ing   t o  E q s .  (8 through 11). 
Again, a t  t h i s  p o i n t ,  resul ts  from the previous s t e p  o f  i t e r a t i o n  would  be 
used.  Terms r e l a t e d  t o  h e a t  t r a n s f e r  a n d  v i s c o u s  d i s s i p a t i o n  a s  prev ious ly  




= PC cscg y 
P 1 
The mic ros t ruc tu re   o f   t he   f l u id   f i lm   t empera tu re   a s   g iven   a long  a f l u x  l i n e  
i s ,  p rev ious ly   g iven   a s  Eq (59) , 
The t e m p e r a t u r e  p r o f i l e  a t  c o n s t a n t  r i s  
Qr can  be  found by recombining E q s .  (22) ,  (23), and  (24) a s  
1 2  1 h3 G Z  1 
p1 1 I 
Qr = [ctnp (5 (Dr h - cscg P - p - Gxl] ij" 
- 
The increment  of Tm a c r o s s  a groove-r idge p a i r  i s  
Beyond t h i s  p o i n t ,  t h e  a p p l i c a b l e  f o r m u l a e  a r e  d i f f e r e n t  d e p e n d i n g  on whether 
o r  n o t  G r  = 0 (and ATmo = 0) 
~ 
*This equation may be  r e f ined  to  a l low fo r  dynamic  head loss  ac ross  g roove - s ides .  
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The tempera ture  grad ien t  along c o n s t a n t  t i s  (renumerating Eqs.  (62)  and (61)): 
where , 
An i n i t i a l  v a l u e  would have   to   be   spec i f ied   for  ?m. Schematic   graphical  
i n t e r p r e t a t i o n s  o f  t h e s e  r e l a t i o n s  a r e  shown i n  F i g .  B-4a. 
For t h i s  c o n d i t i o n ,  t h e r e  i s  no net   convect ion,   and  the ~ i C T O S t r U C t U r e  must 
be  pe r iod ic  a long  the  f lux  l i ne .  Tha t  i s ,  ATmo = 0, Or from Eq. (90) 
Eqs .  (87) through  (92)   together   def ine  the  microstructure   problem. E q .  (92) 
is i n  f ac t  a l so  the  gove rn ing  equa t ion  fo r  t he  macros t ruc tu re  p rob lem,  which 
is s y m b o l i c a l l y  r e w r i t t e n  a s  
Combining wi th  E q .  (87), one obtains 
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Fig.  B-4a Temperature  Profile in Bearing with Net Radial Flow 
I 
which  can  be  fo rma l ly  d i f f e ren t i a t ed  wi th  r e spec t  t o  r t o  o b t a i n  
Then t h i s  e:rcpression  and E q .  (87)  c a n  b e  s u b s t i t u t e d  i n t o  E q .  (88) t o  y i e l d  
the   mic ros t ru . c tu re .   Schemat i c   g raph ica l   i n t e rp re t a t ions  o f  t hese   r e l aZ ions  
a r e  shown i n   F i g  B-4b. 
3.3.4:.3 Pure  "Conduction"  Problem 
I n  t h e  l i m i t i n g  c a s e ,  N -+ 03, c o n v e c t i v e  h e a t  t r a n s f e r  c a n  b e  n e g l e c t e d  a l t o -  
gether ,  and Eq - (48 )  i s  reduced  to  
T = T  -I- L m w N  
and,   accord ingly ,  
0 - 1  . 
A convenient f i r s t  e s t i m a t e  o f  N can be based on the laminar,  isoviscoua, 
Couette-l ike flow, which i s  
198)  
For  the  s t rong ly  tu rbu len t  cond i t ion ,  app l i ca t ion  o f  Reynolds analogy wogld 
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Fig. B-4b Tempera ture  Prof i le  in  Bear ing  wi th  Zero  Net Radia l  Flow 
y i e l d  
where C i s  t h e   t u r b u l e n t   C o u e t t e   f r i c t i o n   f a c t o r .  f 
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= c o e f f i c i e n t  o f  f r i c t i o n  d e e c r i b e d  a f t e r  4:!3: 
:=. s p e c i f i c  h e s t  
S e e  s e c t i o n  4 . 3 ,  Eq.(38) 
= See ( 7 )  
= d y a d i c  c o e f f i c i e n t  d e s c . r i b e d  a f t e r  (6)  
= t u r b u l e n t  c o e f f i c i e n t  f o r  f l o w  i n  x d i r e c t i o n  
= t u r b u l e n t  c o e f f i c i e n t  f o r  f l o w  i n  L d i r e c t i o n ,  
=: d e f i n e d  i n  (44)  
= defined by ( 4 6 )  
= normal  thickness of f l u i d  film 
A 
.= P r a n d t l  number, PC /IC , dimensionless  
P 
:= f l u i d  p r e s s u r e ,  p s i  
= def ined  by (25) 
= See (2'7), (28) 
.= conduct ion  bea t  flux 
:= c o n d u c t i o n  h e a t  f l u x  a t  f i l m  c e n t e r  
= c r i t i c a l  v a l g e  of Reynold ngnber c .c r responding  
t o  onse t  of complete t! lrbulence,  0.c u p p e r  ~ 3 1 ~ l e  o f  
t r a n s i t i o n  r e g i o n  
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= c r i t i c a l  v a l u e  o f  R e y n o l d s  number co r re spond ing  to  
o n s e t  o f  t u r b u l e n c e ,  o r  l o w e r  v a l u e  o f  t r a n s i t i o n  
r e g   i o n  
= temperature  
= t e m p e r a t u r e  a t  f i l m  c e n t e r  
= su r face   (wa l l )   t empers tu re  
= su r face  ve loc i ty  used  to  de f ine  ac tua l  Reyno lds  number 
= t o t a l  v e c t o r  v e l o c i t y  o f  f l u i d  
= f l u i d  v e l o c i t y  c o r r e s p o n d i n g  t o  d i r e c t i o n s  x: y s  z 
= f ( z ) ,  v e l o c i t y  o f  s u r f a c e ;  a l s o  u s e d  i n  d e f i n i t i o n  o f  
e f f ec t ive  Reyno lds  number - See  Sec.  3 -  
= t a n g e n t i a l  v e l o c i t y  of  s u r f a c e  
= o r t h o g o n a l  ( c u r v i l i n e a r )  c o o r d i n a t e s  
= normal  d is tance  f rom the  mean s u r f a c e  
= y/h ; See (20) 
= dummy variables   used  in   (15)   and  (16)  
= eddy d i f f u s i v i t y  
= def ined  by (23) 




c'1 f - P r ) i  E 
v 
= See  (28) 
= t he rma l  conduc t iv i ty  
= a b s o l u t e  v i s c o s i t y  o f  f l u i d  
= See  (25) 
= k i n e m a t i c  v i s c o s i t y  
= conduc t ion  coo l ing  f ac to r  de f ined  by (13) 
= f l u i d  d e n s i t y  
= shea r  stress 
= Couet te  shear  stress 
=: shea r  stress components 
= See (25) 
= See (26) 
= grad  opera tor  used  in  (6)  
= f u n c t i o n  n o t a t i o n ;  see sec 4.2 and  Fig.  4 
= refers t o  ( ) a t   i = 1 , 2  
= average   o r  mean va lue  o f  ( ) 
= f i l m  c e n t e r  v a l u e  o f  ( ) 
= r e f e r s   t o  ( ) a t  m l l  
= r e l a t e d  t o  p r e s s u r e  g r a d i e n t  e f f e c t s  o f  ( ); see sec 4 , 3  
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